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BSBUJOH FYQPOFOUJBMMZ TUBCMF BOE VOTUBCMF EJTUVSCBODFT
	'SPN <>
 
 4FMFDUFE PQUJNBM QFSUVSCBUJPOT JO UIF r−θ QMBOF a =$
2 BOE Rem = 2500 -FGU DPMVNOm = 0.9 SJHIU DPM
VNOm = 0.3 	'SPN <>
 
 -PHBSJUIN JO CBTF UFO PG NBYJNVN OPONPEBM BNQMJ
îDBUJPO FOFSHZ GÿóĊ BT B GVODUJPO PG UIF BYJBM XBWFOVN
CFS k  GPS Rem = 2500  UXP WBMVFT PG n BOE GPVS EJG
GFSFOU WJTDPTJUZ SBUJPT m = 0.1 	CMBDL MJOF
m = 0.3
	CMVF MJOF
m = 0.5 	HSFFO MJOF
 BOEm = 0.7 	SFE MJOF
 
 3FMBUJWF GSBDUJPOT PG UPUBM FOFSHZ GPS EJëFSFOU DPNQP
OFOUT PG WFMPDJUZ GPS $"' BU Rem = 2500m = 0.3 BOE
a =$2 	TPMJE MJOF
 BOE GPS )BHFO1PJTFVJMMF ïPX BU
Re = 2500 ͳF DPNQVUBUJPO SFGFST UP UXP EJëFSFOU
EJTUVSCBODF BU n = 1 k = 0.01 BOE k = 1 ͳF CMBDL
MJOF SFQSFTFOUT UIF BYJBM DPNQPOFOU PG WFMPDJUZ BOE
UIF SFE BOE UIF CMVF MJOFT SFQSFTFOU SFTQFDUJWFMZ UIF
B[JNVUIBM BOE SBEJBM POFT ͳF FOFSHZ BTTPDJBUFE UP
TVSGBDF UFOTJPO JT OPU SFQPSUFE TJODF JU JT OFHMJHJCMF 
YJJ
 .BYJNVN HSPXUI DVSWF 	EBTIFE CMBDL MJOF
 BOE FO
FSHZ BNQMJîDBUJPO PG EJëFSFOU JOJUJBM EJTUVSCBODFT 	CMVF
MJOFT
 UBOHFOU BU UIF NBYJNVN HSPXUI DVSWF BU UJNFT
NBSLFE CZ UIF SFE EPUT GPS Rem = 2500m = 0.3 a =$
2 n = 1 BOE k = 0.01 	PO UIF MFGU
 BOE k = 1 	PO
UIF SJHIU
 
 .BYJNVN HSPXUI SBUF PG UIF NPTU VOTUBCMF BYJTZN
NFUSJD NPEFT BT B GVODUJPO PG BYJBM XBWFOVNCFS k GPS
UIF DPOTJEFSFE FYQFSJNFOUT PG <> 
 .BYJNVN HSPXUI SBUF PG UIF NPTU VOTUBCMF BYJTZN
NFUSJD EJTUVSCBODFT BT B GVODUJPO PG BYJBM XBWFOVN
CFS k BOE 3FZOPMET OVNCFS PG UIF DPSF Re1 GPS a =
1.5 ͳF DPOUJOVPVT CMBDL MJOF DPSSFTQPOE UP UIF NBSHJOBM
TUBCJMJUZ DVSWF PCUBJOFE VTJOH PVS QTFVEPTQFDUSBM DPEF
XIJMF UIF DPOUJOVPVT CMVF MJOF DPSSFTQPOE UP UIF NBSHJOBM
TUBCJMJUZ DVSWF SFQPSUFE CZ <> ͳF EBTIFE CMBDL MJOF
NBSLT UIF Re1 PG FYQ 6 Re1 = 406.9 
 'JH	B
 -PHBSJUIN JO CBTF UFO PG NBYJNVN OPONPEBM
BNQMJîDBUJPO FOFSHZ GÿóĊ BT B GVODUJPO PG BYJBM XBWFOVN
CFS k BOE UIF 3FZOPMET OVNCFS Re1 GPS a = 1.5 ͳF
CMBOL BSFBT SFQSFTFOU UIF SFHJPO PG NPEBM JOTUBCJMJUZ
'JH	C
 -PHBSJUIN JO CBTF UFO PG NBYJNVN OPONPEBM
BNQMJîDBUJPO FOFSHZ GÿóĊ BT B GVODUJPO PG BYJBM XBWFOVN
CFS k GPS UIF DPOTJEFSFE 3FZOPMET OVNCFS Re1 = 406.9
NBSLFE CZ B EBTIFE CMBDL MJOF JO UIF îH	B
 
 0O UIF MFGU FOFSHZ BNQMJîDBUJPO PG UIF QFSUVSCBUJPOT
UIBU SFBDI UIF IJHIFTU WBMVF PG GÿóĊ GPS n > 0 BOE PG
UIF NPTU VOTUBCMF NPEF GPS n = 0 BU UIF DPOEJUJPO PG
FYQ 6 Re1 = 406.9 a = 1.5 0O UIF SJHIU DPNQP
OFOUT PG UIF FOFSHZ BNQMJîDBUJPO PG UIF EJTUVSCBODF
n = 2 k = 0.86242 	SFE MJOF JO îH PO UIF MFGU
 "MM UIF
BNQMJîDBUJPO JT SFMBUFE UP UIF LJOFUJD FOFSHZ Eý PG UIF
BOOVMVT 
YJJJ
 0O UIF MFGU CPVOEBSJFT GPS UIF "QTFVEPTQFDUSVN PG
UIF MJOFBSJ[FE PQFSBUPS GPS Re1 = 406.9,k = 0.86242
BOE n = 2 'SPN PVUTJEF JO UIF DVSWFT DPSSFTQPOE
UP "= 10−2,10−3,10−4 *U JT FWJEFOU IPX UIF OPOOPS
NBMJUZ JT DPODFOUSBUFE JO UIF CSBODI PG UIF TQFDUSVN
SFQSFTFOUJOH UIF BOOVMVT 0O UIF SJHIU GSPN UPQ UP
CPUUPN UIF FJHFOGVODUJPOT DPSSFTQPOE UP UIF UISFF
WFMPDJUZ DPNQPOFOUT iu˜, v˜ , w˜  SFGFSSFE UP UIF FJHFO
WBMVF NBSLFE JO CMVF 
 'JH	B
 -PHBSJUIN JO CBTF UFO PG FOFSHZ BNQMJîDBUJPO
G BT B GVODUJPO PG OPOEJNFOTJPOBM UJNF t BOE PG BY
JBM XBWFOVNCFS k BU Re1 = 795.97 BOE a = 1.81 	FYQ
9
 'JH	C
 &OFSHZ BNQMJîDBUJPO PG UIF QFSUVSCBUJPOT
UIBU SFBDI UIF IJHIFTU WBMVF PG GÿóĊ GPS n > 0 BOE PG
UIF NPTU VOTUBCMF NPEF GPS n = 0 BU UIF DPOEJUJPO PG
FYQ9 Re1 = 795.97 a = 1.81 
 $PNQPOFOUT PG UIF FOFSHZ BNQMJîDBUJPO PG UIF EJT
UVSCBODF n = 2 k = 0.27987 	UIF SFE MJOF PO UIF SJHIU
PG îH 
 
 #PVOEBSJFT GPS UIF "QTFVEPTQFDUSVN PG UIF MJOFBSJ[FE
PQFSBUPS GPS Re1 = 795.97,k = 0.27987 BOE n = 2
'SPN PVUTJEF JO UIF DVSWFT DPSSFTQPOE UP "= 10−2,10−3,10−4
*U JT FWJEFOU IPX UIF OPOOPSNBMJUZ JT DPODFOUSBUFE JO
UIF CSBODI PG UIF TQFDUSVN SFQSFTFOUJOH UIF BOOVMVT
$MPDLXJTF FJHFOGVODUJPOT PG UIF UISFF WFMPDJUZ DPN
QPOFOUT i u˜, v˜ , w˜  SFGFSSFE UP UIF FJHFOWBMVF *NBSLFE
JO HSFFO JOUFSGBDJBM NPEF FJHFOGVODUJPOT PG UIF UISFF
WFMPDJUZ DPNQPOFOUT SFGFSSFE UP UIF FJHFOWBMVF $NBSLFE
JO SFE DPSF NPEF FJHFOGVODUJPOT PG UIF UISFF WFMPD
JUZ DPNQPOFOUT SFGFSSFE UP UIF FJHFOWBMVF "NBSLFE
JO CMVF BOOVMBS NPEF 
YJW
 0O UIF MFGU FOFSHZ BNQMJîDBUJPO PG UIF QFSUVSCBUJPOT
UIBU SFBDI UIF IJHIFTU WBMVF PG GÿóĊ GPS n > 0 BOE PG
UIF NPTU VOTUBCMF NPEF GPS n = 0 BU UIF DPOEJUJPO PG
FYQ10 Re1 = 433.7 a = 2.65 0O UIF SJHIU DPNQP
OFOUT PG UIF FOFSHZ BNQMJîDBUJPO PG UIF EJTUVSCBODF
n = 1 k = 0 	UIF CMVF MJOF PO UIF MFGU
 "MM UIF BNQMJ
îDBUJPO JT SFMBUFE UP UIF LJOFUJD FOFSHZ Eý PG UIF BO
OVMVT 
 0O UIF MFGU CPVOEBSJFT GPS UIF "QTFVEPTQFDUSVN PG
UIF MJOFBSJ[FE PQFSBUPS GPS Re1 = 433.7,k = 0 BOE n =
1 'SPN PVUTJEF JO UIF DVSWFT DPSSFTQPOE UP "= 10−2,10−3,10−4
BOE UIF EBTIFE MJOF SFQSFTFOUT UIF CPVOEBSZ PG UIF OV
NFSJDBM SBOHF 0O UIF SJHIU FJHFOGVODUJPOT PG UIF UISFF
WFMPDJUZ DPNQPOFOUT i u˜, v˜ , w˜  SFGFSSFE UP UIF FJHFO
WBMVF NBSLFE JO CMVF 
 0QUJNBM QFSUVSCBUJPOT GPS n = 1 BOE k = 0 GPS UIF UISFF
FYQFSJNFOUBM DPOEJUJPOT DPOTJEFSFE 
 $VSWFT PG GÿóĊ BT B GVODUJPO PG UIF WJTDPTJUZ SBUJPm
GPS EJëFSFOU Re1 BOE GPS a = 1.81 ͳF DVSWF JO SFE
DPSSFTQPOET UP Re1 = 795.97 BOE UIF QPJOU TUBSSFE
JO CMVF SFQSFTFOUT UIF DPOEJUJPOT PG FYQ9 %FDSFBT
JOH UIF WBMVF PGm BOE TP JODSFBTJOH UIF WBMVF PG UIF
3FZOPMET OVNCFS PG UIF BOOVMVT Re2 GÿóĊ TDBMFT QFS
GFDUMZ XJUIm−2 ∼Re22  

*OUSPEVƹJPO
#JDPNQPOFOU ïPXT BSF DPVQMFE ïPXT PG B ïVJE BOE BOPUIFS DPO
TUJUVFOU FJUIFS TPMJE PS BOPUIFS ïVJE XJUI EJëFSFOU NBUFSJBM QSPQ
FSUJFT ͳF FYBNQMFT UIBU XJMM CF USFBUFE JO UIJT UIFTJT BSF UIF ïPX
PG UXP JNNJTDJCMF MJRVJET BOE UIF HBTMJRVJE ïPX DBMMFE UXPQIBTF
ïPX
5XPïVJE ïPXT QMBZ BO FTTFOUJBM SPMF JO NBOZ OBUVSBM QIFOPN
FOB 	HFPQIZTJDT NFUFPSPMPHZ
 îH  BOE IVNBO FOUFSQSJTFT
8F DPNF BDSPTT FYBNQMFT PG UIFTF ïPXT JO QBSUJDVMBS PG HBT
MJRVJE ïPXT JO PVS FWFSZEBZ MJGF TVDI BT JO UIF LJUDIFO 	ESJOLJOH
XBTIJOH DPPLJOH
 UBLJOH B TIPXFS VTJOH QIBSNBDFVUJDBM TQSBZT
BOE DPTNFUJDT ͳFZ BSF BMTP VTFE GPS PVS FOUFSUBJONFOU KVTU
UIJOL BCPVU XBUFS HBNFT PG GPVOUBJOT BOE GPS PVS TFDVSJUZ GPS
FYBNQMF UP IFMQ îSFNFO 4JNJMBSMZ UIFTF ïPXT BSF QSFTFOU JO
BCVOEBODF JO JOEVTUSJBM BQQMJDBUJPOT MVCSJDBUFE USBOTQPSUT TQSBZT
KFU FOHJOF UFDIOPMPHZ 	îH 
 NBOVGBDUVSJOH FUD
6OEFSTUBOEJOH UIF EZOBNJDT PG UXPïVJE ïPXT JT B DIBMMFOHJOH
TVCKFDU PG CPUI FOHJOFFSJOH BOE TDJFOUJîD JNQPSUBODF BOE UIF
MJUFSBUVSF JT WFSZ FYUFOTJWF 'SPN B NBUIFNBUJDBM QPJOU PG WJFX
NVMUJïVJE QSPCMFNT BSF OPUPSJPVTMZ EJðDVMU OPU POMZ UIF HPWFSO
JOH FRVBUJPOT BSF IJHIMZ OPOMJOFBS CVU UIF QPTJUJPO PG UIF ïVJE
CPVOEBSZ NVTU HFOFSBMMZ CF GPVOE BT B QBSU PG UIF TPMVUJPO ͳF
CBTJD BOBMZUJDBM UPPM VTFE JT UIF MJOFBS TUBCJMJUZ BOBMZTJT XIJDI EPFT
OPU BMMPX UP JOWFTUJHBUF UIF FëFDUT PG OPOMJOFBS NFDIBOJTNT EPN
JOBOU JO UIF CSFBLVQ BOE JOTUBCJMJUZ QSPDFTT 0O UIF FYQFSJNFOUBM
TJEF UIF QIFOPNFOB DIBSBDUFSJ[JOH UIFTF ïPXT PGUFO IBQQFO PO
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'JHVSF  8BWFT PO UIF
TFB 'SPN ïJDLSDPN
TDBMFT PG TQBDF BOE UJNF XIFSF UIF WJTVBMJ[BUJPO JT EJðDVMU PS JN
QPTTJCMF 'PS BMM UIFTF SFBTPOT OVNFSJDBM TJNVMBUJPOT TFFN UP CF
UIF NPTU WBMVBCMF NFBOT UP USFBU UIFTF QSPCMFNT
'JHVSF  %FTUBCJMJ[BUJPO
PG TMPX XBUFS KFU CZ B GBTU
DPBYJBM BJS TUSFBN 'SPN
<>
 #BTJD FRVBǆPOT
ͳF EFSJWBUJPO PG UIF FRVBUJPOT HPWFSOJOH UIF ïPXT XIFSF BO
JOUFSGBDF TFQBSBUFT UIF ïVJET JT CBTFE PO UISFF HFOFSBM IZQPUIFTJT
UIF DPOUJOVVN IZQPUIFTJT UIF IZQPUIFTJT PG B TIBSQ JOUFSGBDF BOE
UIF DPOTJEFSBUJPO PG POMZ UIF JOUFSNPMFDVMBS GPSDFT 	UIF WBO EFS
8BBMT GPSDFT
 UIBU QMBZ BO JNQPSUBOU SPMF JO UIF JOUFSGBDF QIZTJDT
BOE BSF NPEFMFE BT TVSGBDF UFOTJPO
"MUIPVHI SFBM ïVJET BSF NBEF CZ BUPNT BOE NPMFDVMFT UIF
ûĀĆĄāöćõĆûāĀ 
BTTVNQUJPO UIBU UIFZ DBO CF USFBUFE BT B DPOUJOVVN JT VTVBMMZ BO
FYDFMMFOU BQQSPYJNBUJPO *O GBDU NPMFDVMBS TJNVMBUJPOT XIFSF UIF
NPUJPO PG NBOZ JOEJWJEVBM NPMFDVMFT JT GPMMPXFE GPS MPOH UJNFT
TIPX UIBU UIF ïVJE CFIBWFT BT B DPOUJOVVN GPS B TVSQSJTJOHMZ
TNBMM OVNCFS PG NPMFDVMFT 	TFF <>
 ͳF BTTVNQUJPO PG B TIBSQ
JOUFSGBDF JT KVTUJîFE CZ DPOTJEFSJOH UIBU UIF USBOTJUJPO GSPN POF
ïVJE UP BOPUIFS BOE UIVT UIF DIBOHF PG EFOTJUZ WJTDPTJUZ BOE BMM
UIF NBUFSJBM QSPQFSUJFT PG ïVJET PDDVST PO WFSZ TNBMM TDBMFT UIBU
BMMPX VT UP BTTVNF UIF JOUFSGBDF XJUI B WBOJTIJOH UIJDLOFTT
#FZPOE UIFTF UISFF IZQPUIFTJT XF NPTUMZ EFBM XJUI JODPN
QSFTTJCMF ïPXT BOE /FXUPOJBO ïVJET
ͳF CBTJD QSJODJQMFT UP PCUBJO UIF HPWFSOJOH FRVBUJPOT PG
UXPïVJE ïPXT BSF UIF TBNF VTFE GPS UIF TJOHMFïVJE ïPXT UIF
DPOTFSWBUJPO PG NBTT NPNFOUVN BOE FOFSHZ 	UIF MBUUFS XJMM CF
OPU DPOTJEFSFE IFSF CFDBVTF GPS UIF ïPX DPOîHVSBUJPOT JOWFTUJ
HBUFE UIF WBSJBUJPOT PG FOFSHZ BSF OFHMFDUFE
 0G DPVSTF BGUFS UIF
EFSJWBUJPO PG UIF HPWFSOJOH FRVBUJPOT GPS FBDI ïVJE JO QMBZ JU JT
OFDFTTBSZ UP EJTDVTT UIF NBUIFNBUJDBM SFQSFTFOUBUJPO PG B NPWJOH
JOUFSGBDF BOE UIF BQQSPQSJBUF KVNQ DPOEJUJPOT OFFEFE UP DPVQMF
UIF FRVBUJPOT BDSPTT UIF JOUFSGBDF
ͳF QSJODJQMF PG DPOTFSWBUJPO PG NBTT TUBUFT UIBU NBTT DBOOPU
CF DSFBUFE PS EFTUSPZFE ͳFSFGPSF JG XF DPOTJEFSFE B WPMVNF V 
îYFE JO UIF TQBDF UIF NBTT JOTJEF UIJT WPMVNF DBO POMZ DIBOHF
JG NBTT ïPXT JO PS PVU UISPVHI JUT CPVOEBSZ S 4JNJMBSMZ UIF
NPNFOUVN DPOTFSWBUJPO QSJODJQMF TUBUFT UIBU UIF SBUF PG DIBOHF
PG ïVJE NPNFOUVN JO UIF îYFE WPMVNF V JT UIF EJëFSFODF JO
NPNFOUVN ïVY BDSPTT UIF CPVOEBSZ S QMVT UIF GPSDFT BDUJOH PO
UIF WPMVNF 	UIF HSBWJUBUJPOBM GPSDF G= ρH
 ͳF FRVBUJPOT PG ïVJE






=−∇p+ G+∇ · (2µD)
	

XIFSF UIF MBTU UFSN JO UIF NPNFOUVN FRVBUJPO D SFQSFTFOUT
UIF EFGPSNBUJPO QBSU PG UIF TZNNFUSJD TUSFTT UFOTPS T XIJDI
GPS /FXUPOJBO ïVJET JT FYQSFTTFE CZ UIF GPMMPXJOH DPOTUJUVUJWF
SFMBUJPO
T= (−p+λ∇ ·7)I+2µD 	

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
)FSF I JT UIF VOJU UFOTPS p JT UIF QSFTTVSF µ UIF WJTDPTJUZ D =
1
2 (∇7+∇7T ) BOE λ JT UIF TFDPOE DPFðDJFOU PG WJTDPTJUZ VTVBMMZ
OFHMJHJCMF
ͳF TFDPOE PG FRVBUJPOT  JT UIF /BWJFS4UPLFT FRVBUJPO
 *OUFSGBDF EFTDSJQǆPO
'PMMPXJOH UIF NPUJPO JO UJNF PG B EFGPSNBCMF JOUFSGBDF TFQBSBUJOH
EJëFSFOU ïVJET PS QIBTFT JT UIF DFOUSBM QPJOU PG BOBMZ[JOH NVMUJ
ïVJE ïPXT ͳFSF BSF TFWFSBM EJëFSFOU XBZT JO XIJDI UIF JOUFSGBDF
DBO CF EFTDSJCFE HFPNFUSJDBMMZ "MM UIF QPTTJCMF SFQSFTFOUBUJPOT
DBO CF EJWJEFE JO UXP HSPVQT FYQMJDJU SFQSFTFOUBUJPOT BOE JNQMJDJU
SFQSFTFOUBUJPOT
#FMPOHJOH UP UIF îSTU HSPVQ JT UIF EFTDSJQUJPO PG UIF MPDBUJPO
PG UIF JOUFSGBDF CZ B TJOHMFWBMVFE GVODUJPO PG POF 	JO UXP EJNFO
TJPOT
 PS UXP 	JO UISFF EJNFOTJPOT
 DPPSEJOBUFT 'PS FYBNQMF GPS
B UIJO MJRVJE MBZFS JO UXP EJNFOTJPOT JU JT QPTTJCMF UP EFîOF UIF
IFJHIU GVODUJPO h
y = h(x, t ) 	

'JHVSF  ͳF TJNQMFTU
XBZ UP QBSBNFUSJ[F BO
JOUFSGBDF UISPVHI UIF IFJHI
GVODUJPO y = h(x, t ) 'SPN
<>
ͳF îH  TIPXT UIF MJNJUBUJPO PG UIJT BQQSPBDI JG QBSU PG UIF
JOUFSGBDF PWFSIBOHT h CFDPNFT B NVMUJWBMVFE GVODUJPO
5P IBOEMF JOUFSGBDFT PG BSCJUSBSZ TIBQF JU JT QPTTJCMF UP QBSBNFUSJ[F
UIFN CZ JOUSPEVDJOH JO UXP EJNFOTJPOT B OFX DPPSEJOBUF u TVDI
UIBU UIF MPDBUJPO PG UIF JOUFSGBDF JT HJWFO CZ
Y= (x(u), y(u)) 	

ûĀĆĄāöćõĆûāĀ 
	GPS UISFFEJNFOTJPOBM TQBDF XF OFFE UP UBLF UXP JOEFQFOEFOU DP
PSEJOBUFT
 'JH  TIPXT B DMPTFE DPOUPVS TFQBSBUJOH ïVJE 1 GSPN
ïVJE 2 EFTDSJCFE JO UIJT XBZ "MUIPVHI u DBO CF BOZ QBSBNFUSJ[B
UJPO PG UIF DVSWF TIPXO UIF TJNQMFTU DBTF JT UP DIPPTF UIF BSD
MFOHUI s XIFSF Es2 = Ex2+Ey2
'JHVSF  1BSBNFUSJD SFQ
SFTFOUBUJPO PG UIF JOUFSGBDF
XIFSF UIF DPPSEJOBUF u
GPMMPXT UIF JOUFSGBDF 'SPN
<>
*NQMJDJU SFQSFTFOUBUJPOT PG UIF JOUFSGBDF BSF UIF POFT JO XIJDI
UIF JOUFSGBDF JT OPU EFTDSJCFE CZ JEFOUJGZJOH UIF MPDBUJPO PG FWFSZ
QPJOU CFMPOHJOH UP JU CVU CZ B NBSLFS GVODUJPO EFîOFE JO UIF
XIPMF EPNBJO ͳFTF NBSLFS GVODUJPO NBZ BTTVNF NBOZ GPSNT
'PS FYBNQMF XF DBO VTF B DIBSBDUFSJTUJD EJTDPOUJOVPVT GVODUJPOT








(JWFO H  UIF JOUFSGBDF JT JEFOUJîFE XJUI UIF TIBSQ DIBOHF GSPN
POF WBMVF UP UIF PUIFS 	îH 

ͳF JOUFSGBDF DBO CF EFTDSJCFE BMTP CZ B B TNPPUI GVODUJPO F
BOE JO UIJT DBTF JUT QPTJUJPO JT JEFOUJîFE XJUI B QBSUJDVMBS WBMVF
PG UIJT GVODUJPO TBZ F = 0 	îH 
 0CWJPVTMZ PO POF TJEF PG
UIF JOUFSGBDF XF IBWF F < 0 BOE PO UIF PUIFS TJEF F > 0 ͳJT
SFQSFTFOUBUJPO BT B DPOUPVS MJOF XJUI B TQFDJîD WBMVF JT VTFE JO
MFWFM TFU NFUIPET
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'JHVSF  *NQMJDJU SFQSF
TFOUBUJPO PG UIF JOUFSGBDF
XIFSF B TUFQ GVODUJPO JEFO
UJGZ UIF SFHJPO PDDVQJFE CZ
B TQFDJîD ïVJE 'SPN <>
'JHVSF  *EFOUJîDBUJPO PG




" MJRVJE ïPXT SFBEMZ BOE ZFU JU DBO BEPQU FYUSFNFMZ TUBCMF TIBQFT
GPS JTUBODF B ESPQ PG PJM JO XBUFS GPSNT B QFSGFDU TQIFSF UIBU JT
TNPPUI PO BO BUPNJD TDBMF BOE JT IBSEMZ EFGPSNBCMF 	îH 

)FSF XF TVNNBSJ[F UIF QIZTJDBM PSJHJO PG UIF QIFOPNFOPO PG
TVSGBDF UFOTJPO
'JHVSF  0JM CVCCMFT
JO B HMBTT PG XBUFS 'SPN
UIF BMCVN PG N@FMBN
ïJDLSDPN
"U UIF JOUFSGBDF CFUXFFO UXP EJëFSFOU ïVJET BMM UIF NBUFSJBM
QSPQFSUJFT DIBOHF SBQJEMZ PWFS EJTUBODFT DPNQBSBCMF UP UIF NPMFD
VMBS TFQBSBUJPO TDBMF 4JODF B NPMFDVMF BU UIF JOUFSGBDF JT FYQPTFE
UP B EJëFSFOU FOWJSPONFOU UIBO JOTJEF UIF NBUFSJBM JU XJMM BMTP
IBWF B EJëFSFOU CJOEJOH FOFSHZ 	UIF CPVOEBSZ NPMFDVMFT IBWF B
IJHIFS FOFSHZ
 *O UIF DPOUJOVVN MJNJU UIJT EJëFSFODF JO NPMFDV
MBS CJOEJOH FOFSHZ NBOJGFTUT JUTFMG BT B NBDSPTDPQJD TVSGBDF FOFSHZ
EFOTJUZ 5P SFEVDF UIF FOFSHZ TUBUF PG B ïVJE JU JT OFDFTTBSZ UP IBWF
MFTT IJHI FOFSHZ NPMFDVMFT UIJT SFTVMUT JOUP B NJOJNJ[FE TVSGBDF
BSFB $POTFRVFOUMZ B TVSGBDF XJMM BTTVNF UIF TNPPUIFTU TIBQF JU
DBO ͳF FYDFTT PG FOFSHZ BU UIF JOUFSGBDF JT FYQSFTTFE BT
EEσ =σEs 	

XIFSF Es JT UIF JOîOJUFTJNBM JOUFSGBDF 	PS JO UISFF EJNFOTJPOT
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
TVSGBDF
 BSFB BOE σ JT B NBUFSJBM QSPQFSUZ VTVBMMZ SFGFSSFE UP BT
TVSGBDF UFOTJPO
*O ïVJE NFDIBOJDT UIF TVSGBDF UFOTJPO JT OPU EFîOFE JO UFSNT
PG B TVSGBDF FOFSHZ CVU SBUIFS BT B GPSDF QFS VOJU PG MFOHUI BDUJOH
QFSQFOEJDVMBSMZ PO BOZ TFHNFOU PG UIF JOUFSGBDF 4VQQPTF XF XBOU
UP JODSFBTF UIF TVSGBDF BSFB CZ BO BNPVOU EA ͳF XPSL SFRVJSFE
JT QSPQPSUJPOBM UP UIF OVNCFS PG NPMFDVMFT UIBU NVTU CF CSPVHIU




"T FYQMBJOFE JO UIF XPSL PG -BQMBDF <> TVSGBDF UFOTJPO JT BU
UIF PSJHJO PG B KVNQ JO QSFTTVSF XIJDI PDDVST QBTTJOH UISPVHI B
DVSWFE JOUFSGBDF 8F UBLF UIF FYBNQMF PG B ESPQ PG PJM 	P
 JO XBUFS
	X
 îH  *O PSEFS UP MPXFS JUT TVSGBDF FOFSHZ UIF ESPQ BEPQUT B
TQIFSJDBM TIBQF PG SBEJVT R  *G UIF PJMXBUFS JOUFSGBDF JT EJTQMBDFE
CZ BO BNPVOU ER  UIF XPSL EPOF CZ UIF QSFTTVSF BOE DBQJMMBSZ
GPSDF DBO CF XSJUUFO BT
δW =−poEVo −pwEVw +σowEA 	

XIFSF EVo = 4piR2ER =−EVw BOE EA = 8piRER BSF UIF JODSFBTF JO
WPMVNF BOE TVSGBDF po BOE pw BSF UIF QSFTTVSF JO UIF PJM BOE UIF
XBUFS BOE σow JT UIF JOUFSGBDJBM UFOTJPO CFUXFFO PJM BOE XBUFS
ͳF DPOEJUJPO GPS B NFDIBOJDBM FRVJMJCSJVN JT δW = 0 XIJDI
BNPVOUT UP
(p = po −pw = 2σwoR 	

*U JT QPTTJCMF UP HFOFSBMJ[F UIJT MBX UP B HFOFSJD JOUFSGBDF DPO
TJEFSJOH UIBU UIF JODSFBTF JO IZESPTUBUJD QSFTTVSF(p UIBU PDDVST
VQPO USBWFSTJOH UIF CPVOEBSZ CFUXFFO UXP ïVJET JT FRVBM UP UIF
QSPEVDU PG UIF TVSGBDF UFOTJPO σ BOE UIF DVSWBUVSF PG UIF TVSGBDF
c = 1R + 1R ′  XIFSF R BOE R ′ BSF UIF DVSWBUVSF SBEJJ
(p =σc 	

$BQJMMBSZ FëFDUT NBZ CF SFQSFTFOUFE OVNFSJDBMMZ CZ B UFOTPS Tσ




XIFSF I JT UIF ,SPOFDLFS TZNCPM UFOTPS δi j  BOE O JT UIF VOJU
WFDUPS OPSNBM UP UIF JOUFSGBDF
ͳF GPSDF PO B TVSGBDF FMFNFOU PG BSFB S CPVOEFE CZ B DPOUPVS









5BLJOH UIF MJNJU PG FR  BT UIF TVSGBDF BSFB TISJOLT UP B QPJOU
XF EFîOF UIF TVSGBDF GPSDF QFS VOJU PG BSFB BT
Gσ =∇ ·Tσ =∇ ·σI=σ∇ · I+ I ·∇σ 	





XIFSF c SFQSFTFOUT UIF DVSWBUVSF PG UIF JOUFSGBDF BOE UIF MBTU
UFSN UIF TVSGBDF HSBEJFOU PG σ JT PCWJPVTMZ [FSP GPS DPOTUBOU
TVSGBDF UFOTJPO 	UIF DBTF DPOTJEFSFE JO UIJT UIFTJT

i5XPGMVJE GPSNVƾǆPOu KVNQ DPOEJǆPOT
ͳF UXPïVJE GPSNVMBUJPO PG UIF ïPX PG UXP JNNJTDJCMF ïVJET JT
CBTFE PO UIF EFDPNQPTJUJPO PG UIF EPNBJO JOUP UXP TVCEPNBJOT
îMMFE XJUI BO JOEJWJEVBM ïVJE ͳF VTVBM /BWJFS4UPLFT FRVBUJPOT
IBWF UP CF XSJUUFO GPS BOZ TVCEPNBJO BOE UP VOJGZ UIF ïPX îFME
XF OFFE UP EFSJWF TPNF JOUFSGBDF DPOEJUJPOT ͳFTF DPOEJUJPOT BSF
EFSJWFE VTJOH UIF NBTT BOE NPNFOUVN DPOTFSWBUJPO JOUSPEVDJOH
BO BEEJUJPOBM UFSN GPS TVSGBDF UFOTJPO
'JHVSF  " UIJO DPOUSPM
WPMVNF EV XJUI CPVOEBSZ
ES JODMVEJOH B QPSUJPO PG
UIF JOUFSGBDF S 'SPN <>
ͳF KVNQ DPOEJUJPO GPS OPSNBM WFMPDJUZ JT EFSJWFE BQQMZJOH UIF
DPOTFSWBUJPO QSJODJQMF UP UIF DPOUSPM WPMVNF EV TIPXO JO îH 
4JODF UIF UIJDLOFTT JT UBLFO UP [FSP UIF NBTT ïPX JOUP UIF DPOUSPM
WPMVNF NVTU CF FRVBM UP UIF ïPX PVU *G UIF WFMPDJUZ PO UIF UXP
TJEF BSF 71 BOE 72 BOE UIF OPSNBM WFMPDJUZ PG UIF JOUFSGBDF JT V 
XF IBWF
ρ1(71 ·O−V )= ρ2(72 ·O−V )= m˙ 	

ͳJT JT UIF 3BOLJOF)VHPOJPU DPOEJUJPO *G UIFSF JT OP DIBOHF PG
QIBTF UIFO m˙ = 0 'PS JODPNQSFTTJCMF ïPX UIJT DPOEJUJPO NVTU
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
IPME GPS BSCJUSBSZ EFOTJUZ SBUJP UIVT
V =71 ·O=72 ·O 	

.BTT DPOTFSWBUJPO EPFT OPU JNQPTF SFTUSJDUJPO PO UIF UBO
HFOUJBM WFMPDJUZ DPNQPOFOUT *OEFFE JOWJTDJE ïVJET BSF VTVBMMZ
BTTVNFE UP TMJQ BU UIF JOUFSGBDF XIJMF GPS WJTDPVT ïVJE JU JT FYQFSJ
NFOUBMMZ PCTFSWFE UIBU OP TMJQ UBLFT QMBDF
*O DPODMVTJPO XJUIPVU QIBTF DIBOHF BOE XJUI JODPNQSFTTJCMF




XIFSF UIF TZNCPM 〈·〉 SFQSFTFOUT UIF KVNQ PG B RVBOUJUZ BDSPTT UIF
JOUFSGBDF
"QQMZJOH UIF DPOTFSWBUJPO PG UIF NPNFOUVN 	UIF TFDPOE FR
PG 
 JODMVEJOH UIF TVSGBDF GPSDF Gσ UP UIF DPOUSPM WPMVNF PG îH
 XF PCUBJO B KVNQ PG UIF TUSFTT UFOTPS T BDSPTT UIF JOUFSGBDF
−〈T〉 ·O=σcO 	

ͳJT DPOEJUJPO NBZ CF TQMJU JOUP B OPSNBM BOE UBOHFOUJBM TUSFTT
DPNQPOFOUT
−〈−p+2µO ·D ·O〉=σc
−〈2µU ·D ·O〉= 0
	

XIFSF U JT UIF VOJU UBOHFOU WFDUPS UP UIF JOUFSGBDF GPS UIF UXP
EJNFOTJPOBM DBTF
ͳF KVNQ DPOEJUJPOT BOE UIF QBSUJBM EJëFSFOUJBM FRVBUJPOT
GPS B /FXUPOJBO JODPNQSFTTJCMF ïVJE XJUIPVU QIBTF DIBOHF BSF
TVNNBSJ[FE JO UIF GPMMPXJOH TZTUFN
〈7〉= 0
−〈−p+2µO ·D ·O〉=σc









ͳF îSTU UISFF KVNQ DPOEJUJPOT BSF BQQMJFE PO UIF JOUFSGBDF XIJMF
UIF MBTU UXP JO UIF CVML PG FBDI ïVJE 5PHFUIFS XJUI CPVOEBSZ
DPOEJUJPOT PO UIF XBMM BOE FYJU BOE FOUSZ DPOEJUJPOT UIF FRT 
GPSN B DPNQMFUF TFU GPS ïPXT XJUI JOUFSGBDFT
 -JOƺS 4UBCJMJǋ "OBMZTJT
ͳF iUXPïVJEw GPSNVMBUJPO JT VTFE UP QFSGPSN UIF MJOFBS TUBCJMJUZ
BOBMZTJT PG UXPïVJE ïPXT
*OWFTUJHBUJPOT PO MJOFBS TUBCJMJUZ GPS B TJOHMF ïVJE EBUF CBDL UP
,FMWJO BOE )FMNIPMU[ JO UIF 19UI DFOUVSZ CVU POMZ JO UIF FBSMZ
20UI DFOUVSZ )FJTFOCFSH -JO 5PMMNJFO BOE 4DIMJDUJOH GPVOE UIBU
WJTDPTJUZ NBZ QSPEVDF PS DPOUSJCVUF UP UIF JOTUBCJMJUZ CZ NPEJGZJOH
UIF JOWJTDJE QFSUVSCBUJPOT <>
7JTDPTJUZ FëFDUT BSF FWFO NPSF TJHOJîDBOU GPS UXPïVJE ïPXT
UIF WJTDPTJUZ EJëFSFODF BU UIF JOUFSGBDF DBO HJWF SJTF UP JOTUBCJMJUJFT
OFJUIFS JOWJTDJE OPS 5PMMNJFO4DIMJDIUJOH UZQF ͳF îSTU XIP
TUVEJFE UIJT JOTUBCJMJUZ XBT :JI <> 4VCTFRVFOU XPSLT PO UIJT
TVCKFDU XFSF NBEF CZ ½[HFO <> 3FOBSEZ <> BT XFMM BT )PPQFS
BOE #PZE <>
ͳF IVHF BNPVOU PG MJUFSBUVSF PO UIF TUBCJMJUZ PG QBSBMMFM UXP
ïVJE ïPXT CPUI JO UIF DPOUFYU PG MJRVJEMJRVJE BT XFMM PG HBTMJRVJE
ïPXT TIPXT UIBU UIJT UZQF PG ïPX JT TVTDFQUJCMF UP JOTUBCJMJUJFT PG
WBSJPVT LJOET #FTJEFT JOTUBCJMJUZ DBVTFE CZ WJTDPTJUZ TUSBUJîDBUJPO
NFOUJPOFE BCPWF JOTUBCJMJUZ DBO SFTVMUT GSPN EFOTJUZ TUSBUJîDB
UJPO WFMPDJUZ QSPîMF DVSWBUVSF PS GSPN TIFBS FëFDUT JO POF PG UIF
DPOTUJUVUJWF QIBTFT *O GBDU VOMJLF GPS UIF TJOHMFïVJE DBTF TUBCJMJUZ
QSPCMFN XIFSF UIF 3FZOPMET OVNCFS JT UIF POMZ QBSBNFUFS JO
QMBZ UIF GPSNVMBUJPOT PG UXPïVJE TUBCJMJUZ QSPCMFN SFRVJSFT BU
MFBTU TJY EJNFOTJPOMFTT QBSBNFUFST UIF WJTDPTJUZ UIF EFOTJUZ BOE
UIF UIJDLOFTT SBUJP CFUXFFO UIF UXP ïVJET UIF 3FZOPMET OVNCFS
UIF 'SPVE OVNCFS BOE B QBSBNFUFS UBLJOH JOUP BDDPVOU UIF FëFDUT
PG TVSGBDF UFOTJPO UIF 8FCFS OVNCFS
ͳF QVSQPTF PG UIJT TFDUJPO JT UP HJWF B CSJFG PWFSWJFX PG UIF
NFUPMPHZ VTFE UP BOBMZ[F UIF JOTUBCJMJUZ PG B UXPïVJE ïPX TP UIF
GPSNVMBUJPO PG UIF TUBCJMJUZ QSPCMFN SFQPSUFE IFSF JT WFSZ HFOFSBM
BOE JU JT QPTTJCMF UP BQQMZ JU UP XJEFMZ EJWFSHFOU ïPX TZTUFNT MJLF
GPS JOTUBODF XJOE PWFS B UIF TVSGBDF PG UIF PDFBO MJRVJEMJRVJE
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą










'JHVSF  'MPX DPOîHVSB
UJPO BOE QBSBNFUFST VTFE
GPS UIF TUBCJMJUZ TUVEZ
ͳF ïPX PG JOUFSFTU JT B QBSBMMFM ïPX PG UXP JNNJTDJCMF ïVJET
IBWJOH EJëFSFOU EFOTJUJFT ρ1 BOE ρ2 BOE EJëFSFOU WJTDPTJUJFT µ1
BOE µ2 GPVOE JO UXP MBZFST PG EFQUIT d1 BOE d2 BT EFQJDUFE JO
îH  *U JT QPTTJCMF UP PCUBJO B TUFBEZ TPMVUJPO PG UIF /BWJFS
4UPLFT FRVBUJPOT CZ TPMWJOH FBDI MBZFS BOE NBUDIJOH UIF TUSFTT BOE
UIF WFMPDJUZ PO UIF JOUFSGBDF 6TJOH UIF ïVJE 1 BT SFGFSFODF UIF
EJNFOTJPOMFTT QBSBNFUFST HPWFSOJOH UIF QSPCMFN BSF d = d2/d1
r = ρ2/ρ1m = µ2/µ1 UIF 3FZOPMET OVNCFS PG FBDI MBZFS Re j =
ρ jU0dj
µ j
BOE UIF 8FCFS OVNCFSWe = ρ1U
2
0d1
σ  /PSNBMMZ GPS QMBOF
QSPCMFN JU JT QPTTJCMF UP OFHMFDU UIF FëFDUT PG CVPZBODZ UIVT UIF
'SPVE OVNCFS JT OPU JOUSPEVDFE
'PMMPXJOH UIF DMBTTJDBM TUFQT PG MJOFBS TUBCJMJUZ BOBMZTJT UIF CBTF
TUBUF 	B TUFBEZ TPMVUJPO PG HPWFSOJOH FRVBUJPOT
 JT QFSUVSCFE CZ
BEEJOH BO JOîOJUFTJNBM EJTUVSCBODF PCUBJOFE CZ NFBOT PG 'PVSJFS
EFDPNQPTJUJPO BMPOH UIF EJSFDUJPOT x BOE z
(7 j ,p j )= (7˜ j (y, t ), p˜ j (y, t ))FJ(kx+βz) 	

XIFSF 7 = (u,v,w) p JT UIF QSFTTVSF BOE UIF TVCTDSJQU j = 1,2
JEFOUJîFT UIF MBZFS k BOE β BSF UXP SFBM OVNCFST SFQSFTFOUJOH SF
TQFDUJWFMZ UIF XBWFOVNCFS BMPOH x EJSFDUJPO BOE UIF XBWFOVNCFS
BMPOH z EJSFDUJPO 8F BSF DPOTJEFSJOH UISFFEJNFOTJPOBM QFSUVS
CBUJPOT GPS XIJDI JU JT QPTTJCMF UP EFîOF UIF XBWFOVNCFS WFDUPS
L XIPTF DPNQPOFOUT BSF k BOE β L2 = k2+β2 *NQPTJOH UIJT EJT
UVSCBODF UP UIF UIF CBTF ïPX JU JT QPTTJCMF UP MJOFBSJ[F UIF HPWFSO
JOH FRVBUJPOT UIF CPVOEBSZ BOE UIF KVNQ DPOEJUJPOT OFHMFDUJOH
ûĀĆĄāöćõĆûāĀ 
BMM UIF RVBESBUJD QFSUVSCBUJPO UFSNT ͳFTF MJOFBS FRVBUJPOT HPW
FSOJOH UIF CFIBWJPS PG UIF QFSUVSCBUJPOT DBO CF XSJUUFO JO UFSNT PG
OPSNBM WFMPDJUZ v˜ j BOE OPSNBM WPSUJDJUZ η˜ j = Jβu˜ j − Jkw˜ j
∂
∂t
(D2−L2)v˜ j + JkUj (D2−L2)v˜ j − JkD2Uj − 1Re j (D
2−L2)2v˜ j = 0
∂
∂t
η˜ j + JkUj η˜+ JβDUj v˜ j − 1Re j (D
2−L2)η˜ j = 0
	

XIFSF D = EEy  ͳFTF FRVBUJPOT SFQSFTFOU UIF XFMMLOPX 0SS
4PNNFSGFME BOE 4RVJSF FRVBUJPOT ͳF TDBMBS EJTQMBDFNFOU δ˜ PG UIF





+ JkUj )δ˜= v˜ j 	

0O UIF JOUFSGBDF y = 0 UIF OPSNBM WFMPDJUZ v˜ j  UIF TUSFBNXJTF
WFMPDJUZ u˜ j = JL−2(kDv˜ j −βη˜ j ) BOE UIF TQBOXJTF WFMPDJUZ w˜ j =































ͳF TZTUFN    XJUI UIF TVJUBCMF CPVOEBSZ DPOEJUJPOT





 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
XIFSFM BOE A BSF SFTQFDUJWFMZ UIF VOTUFBEZ BOE UIF DPOWFDUJWF
EJëVTJWF PQFSBUPS *U JT QPTTJCMF UP EFîOF B OFX NBUSJY PQFSBUPS
L  UIF PQFSBUPS PG UIF MJOFBSJ[FE QSPCMFN BTL =M−1A *O UIJT





ͳJT JT BO BCTUSBDU $BVDIZ QSPCMFN XJUI TPMVUJPO
R(t )= R(0)FtL 	

XIFSF R(0) JT BO JOJUJBM EJTUVSCBODF QSPQBHBUFE GPSXBSE JO UJNF CZ
UIF FYQPOFOUJBM PQFSBUPS FtL 
.PEBM BOBMZTJT
*OUSPEVDJOH R= R˜F−Jωt  XIFSF R˜= (v˜1, η˜1, v˜2, η˜2, δ˜) UIF  DBO CF
XSJUUFO BT B HFOFSBMJ[FE FJHFOWBMVF QSPCMFN
−JωR˜=L R˜ 	

XIFSF ω JT B DPNQMFY OVNCFS SFQSFTFOUJOH UIF FJHFOWBMVF PG UIF
MJOFBSJ[FE QSPCMFN
.PEBM JOTUBCJMJUZ JT JEFOUJîFE XJUI UIF QSFTFODF JO UIF TQFD
USVN PGL PG BU MFBTU POF FJHFOWBMVF JO UIF VQQFS IBMG DPNQMFY
QMBOF ωi > 0 ͳF TQFDUSVN UIVT EFUFSNJOFT UIF CFIBWJPS PG UIF
EJTUVSCBODFT BOE UIFSFGPSF UIF TUBCJMJUZ PG UIF TZTUFN BU MBSHF
UJNFT
"T TIPXO CZ 4RVJSF 	
 JU JT QPTTJCMF UP SFTUSJDU UIF NPEBM
BOBMZTJT UP UIF CFIBWJPS PG POMZ UXPEJNFOTJPOBM EJTUVSCBODFT
TJODF UIF NPTU VOTUBCMF EJTUVSCBODFT BSF UIF POFT JO UIF TUSFBN
XJTF EJSFDUJPO UIVT β= 0 BOE L= k 
/PONPEBM BOBMZTJT
'PS NPTU TIFBS ïPXT UIF TQFDUSVN JT B QPPS QSPYZ GPS UIF EJTUVS
CBODF CFIBWJPS BT JU POMZ EFTDSJCFT UIF BTZNQUPUJD 	t →∞
 GBUF
PG UIF QFSUVSCBUJPO BOE GBJMT UP DBQUVSF TIPSUUFSN DIBSBDUFSJTUJDT
	<>
 ͳJT JT EVF UP UIF OPOOPSNBMJUZ PG UIF MJOFBSJ[FE PQFSBUPS
L UIBU IBWF B TFU PG OPOPSUIPHPOBM FJHFOGVODUJPO R˜ 4ZTUFNT
ûĀĆĄāöćõĆûāĀ 
HPWFSOFE CZ OPOOPSNBM NBUSJDFT DBO FYIJCJU B MBSHF USBOTJFOU
BNQMJîDBUJPO PG FOFSHZ DPOUBJOFE JO UIF JOJUJBM DPOEJUJPO
*O SFDFOU ZFBST JOEFFE UIF GPDVT PG ïPX TUBCJMJUZ TUVEZ IBT
TIJGUFE UP BMTP DPOTJEFS UIF USBOTJFOU HSPXUI PG EJTUVSCBODFT BOE
JU IBT CFFO TIPXO UIBU MJLF GPS TJOHMFïVJE TIFBS ïPXT BMTP GPS
UXPïVJE ïPXT FWFO UIPVHI UIF MFBEJOH FJHFONPEF JT TUBCMF
JU JT QPTTJCMF GPS UIF FOFSHZ PG DFSUBJO NPEF DPNCJOBUJPOT UP
HSPX USBOTJFOUMZ CFGPSF EFDBZJOH UP [FSP 	TFF <> BOE <>
 BOE
NPSFPWFS UIF EJTUVSCBODFT UIBU SFBDI UIF IJHIFTU MFWFM PG FOFSHZ
BNQMJîDBUJPO BSF UISFFEJNFOTJPOBM
5P DBQUVSF UIF USBOTJFOU CFIBWJPS PG JOîOJUFTJNBM EJTUVSCBODFT
XF IBWF UP TPMWF UIF JOJUJBM WBMVF QSPCMFN  BOE UP îY BO BQ
QSPQSJBUF NFBTVSF PG UIF EJTUVSCBODF TJ[F " OBUVSBM NFBTVSF JT
















XIFSF UIF UXP JOUFHSBMT SFQSFTFOU UIF LJOFUJD FOFSHZ PG UIF EJTUVS
CBODF JO UIF UXP MBZFS BOE MBTU UFSN DIBSBDUFSJ[FT UIF DPOUSJCVUJPO
PG JOUFSGBDJBM DBQJMMBSZ FOFSHZ 'PMMPXJOH UIF BQQSPBDI PG 4DINJE
BOE )FOOJOHTPO <> XF VTF UIJT OPSN UP NFBTVSF UIF USBOTJFOU
HSPXUI PG BO JOJUJBM EJTUVSCBODF G(t ) EFîOFE BT





*O DPNQVUJOH USBOTJFOU HSPXUI BO BSCJUSBSZ EJTUVSCBODF JT
FYQSFTTFE BT BO FYQBOTJPO JO UIF FJHFOGVODUJPOT PGL  R˜ =∑K
n=1Kn R˜n  G(t ) JT UIFO DPNQVUFE BQQSPYJNBUFMZ OPU JO UIF
GVMM TQBDF PGL CVU JO UIF TVCTQBDF EFîOFE CZ UIF K MFBTUTUBCMF
FJHFOGVODUJPOT ͳF WBMVF PG K JT TFMFDUFE MBSHF FOPVHI UP BDIJFWF
DPOWFSHFODF PG UIF BQQSPYJNBUFE G(t ) *U IBT CFFO OPUFE TFF
<> UIBU XIFO JO B UXPïVJE ïPX UIF JOUFSGBDJBM FOFSHZ UFSN JT
OPU QSFTFOU 	We →∞ PS UIF TVSGBDF UFOTJPO WBOJTIFT
 UIF DPN
QVUBUJPO PG G(t ) JO UIF SFEVDFE TVCTQBDF PG UIF K MFBTUTUBCMF
FJHFOGVODUJPOT EPFT OPU DPOWFSHF UP B MJNJU BT K JT JODSFBTFE ͳF
SFBTPO JT UIBU UIF EJTQMBDFNFOU PG UIF JOUFSGBDF δ˜ JT BO FTTFOUJBM
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
QBSU PG UIF EJTUVSCBODF FJHFOGVODUJPO BOE NVTU CF JODMVEFE JO UIF
FOFSHZ OPSN ͳVT JO UIFTF DBTFT UIF TPMVUJPO GPVOE CZ 4PVUI
BOE )PPQFS <> BOE .BMJL BOE )PPQFS <> JT UP JOUSPEVDF JO UIF
OPSN B UFSN PG UIF GPSN |δ˜|2 CVU XJUI B DPOTUBOU DPFðDJFOU UIBU
TIPVME CF NVDI TNBMMFS UIBO VOJUZ UP XPSL XFMM
*U JT JNQPSUBOU UP IJHIMJHIU UIBU UIF DVSWF HJWFO CZ G(t ) SFQSF
TFOUT UIF NBYJNVN QPTTJCMF FOFSHZ BNQMJîDBUJPO XIJDI GPS FBDI
JOTUBOU PG UJNF JT PQUJNJ[FE PWFS BMM QPTTJCMF JOJUJBM DPOEJUJPOT
XJUI VOJU FOFSHZ OPSN ͳF JOJUJBM DPOEJUJPO UIBU PQUJNJ[FT UIF
BNQMJîDBUJPO GBDUPS NJHIU CF EJëFSFOU GPS EJëFSFOU UJNFT TP G(t )
DVSWF TIPVME CF UIPVHIU BT UIF FOWFMPQF PG UIF FOFSHZ FWPMVUJPO
PG JOEJWJEVBM JOJUJBM DPOEJUJPOT XJUI VOJU FOFSHZ OPSN )PXFWFS JU
JT OPU EJðDVMU UP EFUFSNJOF UIF JOJUJBM DPOEJUJPO UIBU XJMM SFBDI UIF
NBYJNVN QPTTJCMF BNQMJîDBUJPO BU B HJWFO UJNF t0 BOE UIBU XJMM CF
UBOHFOU UP G(t ) BU t0 CZ NFBOT PG UIF 4JOHVMBS 7BMVF %FDPNQPTJ
UJPO 	47%
 PG UIF NBUSJY FYQPOFOUJBM G(t )= ‖FtL ‖2& BT EFTDSJCFE
JO <>
"OPUIFS VTFGVM UPPM UP BOBMZ[F UIF CFIBWJPS PG OPOOPSNBM
PQFSBUPST JT UIF "QTFVEPTQFDUSVN JOUSPEVDFE CZ 5SFGFUIFO <>
" DPNQMFY OVNCFS z MJFT JO UIF "QTFVEPTQFDUSVN PG UIF PQFS
BUPSL  EFOPUFE CZ Λ"(L ) JG FJUIFS PG UIF GPMMPXJOH FRVJWBMFOU
DPOEJUJPO JT TBUJTîFE
 z JT BO FJHFOWBMVF PG L˜ =L +E  GPS TPNF QFSUVSCBUJPO NBUSJY
E XJUI ‖E‖ ≤ "
 z JT B DPNQMFY OVNCFS BOE
∥∥(zI −Λ)−1∥∥≤ "−1
ͳFNPTU CBTJD SPMF PG QMPUT PG QTFVEPTQFDUSB JT UP EFîOF UIF
TJUVBUJPO JO XIJDI FJHFOWBMVFT BSF MJLFMZ UP CF PG MJNJUFE QIZTJDBM
TJHOJîDBODF
%FTDSJQǆPO PG QTFVEPTQFƹSBM DPEF
ͳF HFOFSBMJ[FE FJHFOWBMVF QSPCMFN  IBT CFFO EJTDSFUJ[FE
TFQBSBUFMZ GPS FBDI ïVJE CZ NFBOT PG B $IFCZTIFW QTFVEPTQFDUSBM
DPEF XSJUUFO JO ."5-"# QSPHSBNNJOH MBOHVBHF 'PS CPUI
ïVJET UIF îOJUF EPNBJO JT NBQQFE UP UIF TUBOEBSE JOUFSWBM [−1,1]
WJB B MJOFBS USBOTGPSNBUJPO ͳF %.4VJUF QBDLBHF PG <> IBT
CFFO VTFE JO PSEFS UP PCUBJO UIF EJTDSFUJ[FE EJëFSFOUJBM PQFSBUPST
ûĀĆĄāöćõĆûāĀ 
#PVOEBSZ DPOEJUJPOT BSF FOGPSDFE CZ UIF UFDIOJRVF PG SFQMBDJOH
SPXT BOE JOUFSGBDF DPOEJUJPOT BSF USFBUFE BT CPVOEBSZ DPOEJUJPOT
GPS FBDI QIBTF
" QSPDFEVSF UP FMJNJOBUF UIF TQVSJPVT FJHFOWBMVFT IBT CFFO
JNQMFNFOUFE JO UIF DPEF "T SFQPSUFE CZ #PZE <> JU JT QPTTJCMF
UP EJTUJOHVJTI CFUXFFO UXP EJëFSFOU UZQFT PG TQVSJPVT FJHFOWBMVF
UIF QIZTJDBMMZ TQVSJPVT FJHFOWBMVFT 	OVNFSJDBMMZDPNQVUFE FJHFO
WBMVFT XIJDI BSF JO FSSPS CFDBVTF PG NJTBQQMJDBUJPO PG CPVOEBSZ
DPOEJUJPOT PS TPNF PUIFS NJTSFQSFTFOUBUJPO PG UIF QIZTJDT
 BOE
UIF OVNFSJDBMMZ TQVSJPVT FJHFOWBMVFT 	BQQSPYJNBUJPOT UP FYBDU
FJHFOWBMVFT CFDBVTF UIF NPEF JT PTDJMMBUJOH UPP SBQJEMZ UP CF SF
TPMWFE CZ N EFHSFFT PG GSFFEPN
 " HJWFO OVNFSJDBMMZ TQVSJPVT
FJHFOWBMVF DBO BMXBZT CF DPNQVUFE BDDVSBUFMZ CZ VTJOH TVð
DJFOUMZ MBSHF OVNCFS PG EFHSFFT PG GSFFEPN N 
*O UIF VTFE DPEF FBDI DBMDVMBUJPO JT SFQFBUFE UXJDF XJUI EJG
GFSFOU OVNCFS PG DPMMPDBUJPO QPJOUT N UP WFSJGZ UIBU UIF TPMVUJPO
JT XFMMSFTPMWFE 5P LOPX IPX NBOZ NPEFT BSF iHPPEw UIF MJTUT
PG FJHFOWBMVFT GPS UXP EJëFSFOU N BSF DPNQBSFE BOE POMZ UIPTF
XIJDI BSF UIF TBNF 	XJUIJO TPNF VTFSTFU UPMFSBODF
 PO CPUI MJTUT
BSF BDDFQUFE 'PS TFQBSBUJOH iHPPEw FJHFOWBMVFT GSPN USBTI XF VTF
B TJNQMF OVNFSJDBM NFUIPE XIJDI ZJFMET UP B QMPU PO B MPHBSJUINJD
TDBMF PG UIF SFDJQSPDBM PG UIF EJëFSFODF CFUXFFO DPSSFTQPOEJOH
FJHFOWBMVFT BT DBMDVMBUFE BU EJëFSFOU SFTPMVUJPOT N  TDBMFE CZ
TPNF NFBTVSF PG UIF TJ[F PG UIF FJHFOWBMVFT ͳF SFDJQSPDBM PG
UIF EJëFSFODF JT QMPUUFE TP UIBU UIF iHPPEw FJHFOWBMVFT BSF BU UIF
UPQ PG UIF HSBQI ͳF PCWJPVT TDBMJOH GPS UIF j UI FJHFOWBMVF JT
|λ j | JUTFMG BOZXBZ TJODF BO FJHFOWBMVF NBZ BDDJEFOUBMMZ CF WFSZ
DMPTF UP [FSP JU JT DPOWFOJFOU UP VTF B EJëFSFOU TDBMJOH EFîOJOH UIF
JOUFSNPEBM TFQBSBUJPO
σ1 ≡ |λ1−λ2|
σ j ≡ 12
(|λ j −λ j−1|+ |λ j+1−λ j |) , j > 1 	

*O NBOZ QSPCMFNT UIF FJHFOWBMVF PSEFSJOH JT JOWBSJBOU XIFO UIF
SFTPMVUJPO JT DIBOHFE UIVT JU JT TVðDJFOU UP DPNQBSF XJUI UIF TFU
UPMFSBODF BOE UP QMPU UIF SFDJQSPDBM PG UIF PSEJOBM EJëFSFODF
δ j ,PSEJOBM ≡ |λ j (NI )−λ j (NI I )|/σ j 	

XIFSF NI BOE NI I EFOPUF UIF DPMMPDBUJPO QPJOUT JO UIF MPX BOE
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
IJHI SFTPMVUJPO DPNQVUBUJPO ͳF QBSBNFUFS 1/δ j  BT TIPXO JO îH
 JT NBOZ PSEFS PG NBHOJUVEF MBSHFS GPS UIF HPPE NPEFT UIBU
GPS UIF CBE POFT















'JHVSF  ͳF SFDJQSPDBM
PSEJOBM EJëFSFODF 1/δ j BSF
QMPUUFE PO B MPHBSJUINJD
TDBMF WFSTVT NPEF OVNCFS
j  ͳF DPOUJOVPVT CMVF
MJOF SFQSFTFOU UIF WBMVF PG
UIF TFU UPMFSBODF 	JO UIJT
DBTF SFGFSSFE UP B UZQJDBM
DPOîHVSBUJPO PG $PSF
"OOVMBS 'MPX TFF DIBQUFS
3 UIF WBMVF PG UIF UPMFSBODF
JT 50
 ͳF FJHFOWBMVF BSF
PSEFSFE CZ JNBHJOBSZ QBSU
CFJOH j = 1 UIF CJHHFS
NI = 150 BOE NI I = 170
ͳF TQFDUSBM EJTDSFUJ[BUJPO PG UIF TQBUJBM PQFSBUPS IBT CFFO
VTFE BMTP UP DPNQVUF UIF USBOTJFOU HSPXUI GVODUJPO G(t ) ͳF.B
USJY &YQPOFOUJBM UFDIOJRVF PG <> IBT CFFO FNQMPZFE CZ BEBQUJOH
UIFJS TDIFNFT UP UIF UXPïVJE ïPX DBTF ͳF NBUSJY FYQPOFOUJBM
PG FR  JT BQQSPYJNBUFE VTJOH UIF îSTU K MFBTUTUBCMF FJHFO
NPEFT TVðDJFOU UP BTTVSF UIF DPOWFSHFODF ͳF FOFSHZ OPSN
JT DBMDVMBUFE CZ USBOTGPSNJOH JU JOUP B TUBOEBSE 2OPSN CZ FN
QMPZJOH BO 47% EFDPNQPTJUJPO PG UIF NBUSJY PG JOOFS QSPEVDUT
CFUXFFO UIF FJHFOWFDUPST 	TFF <>

ͳF TP DBMMFE PQUJNBM QFSUVSCBUJPO UIF JOJUJBM DPOEJUJPO UBO
HFOU UP UIF NBYJNVN PG UIF DVSWF G(t ) BU t = tGÿóĊ  IBT CFFO
DBMDVMBUFE WJB UIF 47% PG UIF USBOTGPSNFE NBUSJY FYQPOFOUJBM
NPEJGZJOH UIF DMBTTJDBM QSPDFEVSF SFQPSUFE JO <> GPS UIF UXP
ïVJE DBTF
4UBOEBSE BMHPSJUIN UP DPNQVUF UIF "QTFVEPTQFDUSVN BEBQUFE
ûĀĆĄāöćõĆûāĀ 
GSPN SPVUJOF PG 5SFGFUIFO <> JT JNQMFNFOUFE JO UIF DPEF










||E || = 0.001










'JHVSF  ͳF EFTDSJCFE
QTFVEQTFDUSBM DPEF IBT
CFFO VTFE UP DPNQVUF
UIF "QTFVEPTQFDUSVN
PG B UZQJDBM DPOîHVSBUJPO
PG )BHFO1PJTFVJMMF ïPX




SFQPSUFE PO UIF MFGU TV
QFSQPTJUJPO PG B QFSUVSCFE
NBUSJY PG FOFSHZ OPSN
10−3 UP UIF TQFDUSVN PG
UIF MJOFBSJ[FE PQFSBUPS PO
UIF SJHIU UIF CPVOEBSJFT
PG UIF "QTFVEPTQFDUSVN




 %JSFƹ /VNFSJDBM 4JNVƾǆPO
/VNFSJDBM TJNVMBUJPOT NBZ JNQSPWF PVS VOEFSTUBOEJOH PG UXP
ïVJE ïPX EZOBNJDT BCPWF BMM UIF PSJHJOT PG UIF JOTUBCJMJUJFT SVMFE
FTQFDJBMMZ CZ OPOMJOFBS FëFDUT PG DPVSTF OPU FYQMBJOFE CZ MJOFBS
UIFPSZ .PSFPWFS JU IBT CFFO OPUJDFE UIBU BHSFFNFOU CFUXFFO
MJOFBS UIFPSZ BOE OVNFSJDBM TJNVMBUJPO JT QBSUJDVMBSMZ EJðDVMU
UP PCUBJO CFDBVTF PG UIF DPNQMFY FëFDU PG WJTDPTJUZ PO UIF CBTF
QSPîMF BOE PO UIF JOTUBCJMJUZ HSPXUI SBUFT BOE NPEFT
ͳF TJNVMBUJPO PG /BWJFS4UPLFT FRVBUJPO XJUI JOUFSGBDFT PO
POF IBOE VTFT OVNFSJDBM NFUIPET BOBMPHPVT UP PUIFSXJTF XFMM
LOPXO NFUIPET JO UIF CVML PG UIF QIBTFT TVDI BT îOJUF WPMVNFT
îOJUF FMFNFOUT BOE îOJUF EJëFSFODFT PO UIF PUIFS IBOE QSFTFOUT
TQFDJîD QSPCMFNT EVF UP UIF QSFTFODF PG UIF JOUFSGBDF MPDBUJPO
PG UIF EJTDPOUJOVJUZ BOE DPNQVUBUJPO PG TVSGBDF TUSFTTFT .PTU
PG UXPïVJE ïPX QSPCMFNT FYIJCJU BMM PS TFWFSBM PG UIF GPMMPXJOH
DIBSBDUFSJTUJDT IJHI TVSGBDF UFOTJPO MPX WJTDPTJUZ IJHI EFOTJUZ
SBUJP DPNQMFY BOE FWPMWJOH JOUFSGBDF UPQPMPHJFT BOE TQBUJBM TDBMFT
SBOHJOH PWFS TFWFSBM PSEFST PG NBHOJUVEF *O UIJT DPOUFYU BO
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
JEFBM OVNFSJDBM NFUIPE GPS UIF TPMVUJPO PG UXPïVJE /BWJFS
4UPLFT FRVBUJPOT XJUI TVSGBDF UFOTJPO TIPVME IBWF UIF GPMMPXJOH
QSPQFSUJFT
t SPCVTU SFQSFTFOUBUJPO PG FWPMWJOH DPNQMFY JOUFSGBDFT
t BDDVSBUF SFQSFTFOUBUJPO PG TVSGBDF UFOTJPO
t SPCVTU BOE BDDVSBUF IBOEMJOH PG MBSHF EFOTJUZ BOE WJTDPTJUZ
SBUJP
t FðDJFOU SFQSFTFOUBUJPO PG UIF ïPX GFBUVSFT PO UIF EJëFSFOU
DIBSBDUFSJTUJDT TQBUJBM TDBMFT
i0OFGMVJEu GPSNVƾǆPO
*O DPOUSBTU UP UIF BQQSPBDI EFTDSJCFE JO TFDUJPO 1.3 XIFSF UIF
HPWFSOJOH FRVBUJPOT BSF XSJUUFO TFQBSBUFMZ GPS FBDI QIBTF BOE
KVNQ DPOEJUJPOT BSF VTFE UP DPVQMF UIF TPMVUJPOT BU UIF ïVJE
JOUFSGBDF JU JT QPTTJCMF UP XSJUF POF TFU PG HPWFSOJOH FRVBUJPOT GPS
UIF XIPMF ïPX EPNBJO PDDVQJFE CZ UIF WBSJPVT QIBTFT XJUIPVU
SFTPSUJOH UP KVNQ DPOEJUJPOT ͳF WBSJPVT QIBTFT BSF USFBUFE BT
POF ïVJE XJUI WBSJBCMF NBUFSJBM QSPQFSUJFT UIBU DIBOHF BCSVQUMZ
BU UIF QIBTFT CPVOEBSZ 5P BDDPVOU GPS UIF FëFDUT PG TVSGBDF
UFOTJPO BU UIF JOUFSGBDF JU JT OFDFTTBSZ UP BEE B TJOHVMBS UFSN UP UIF
/BWJFS4UPLFT FRVBUJPO ͳJT UFSN JT UIF DPVOUFSQBSU PG UIF KVNQ
DPOEJUJPO GPS UIF OPSNBM TUSFTT îSTU PG FRT 
ͳJT GPSN PG FRVBUJPOT JT PGUFO SFGFSSFE UP BT UIF iPOFïVJEw
BQQSPBDI 4JODF UIF TPMVUJPO DBO DIBOHF EJTDPOUJOVPVTMZ BDSPTT
UIF JOUFSGBDF XF IBWF UP BENJU TPMVUJPO PG HPWFSOJOH FRVBUJPOT
UIBU JODMVEF HFOFSBMJ[FE GVODUJPOT TVDI BT EFMUB GVODUJPOT PS
TUFQ GVODUJPOT ͳJT GPSNVMBUJPO JT UIF TUBSUFS QPJOU GPS TFWFSBM
OVNFSJDBM NFUIPET
ͳF GPSNVMBUJPO PG UIF FRVBUJPOT JT UIF TBNF PG TFDUJPO 1.1
FYDFQU UIBU XF OFFE UP BEE UIF TVSGBDF UFOTJPO BT B CPEZ GPSDF
UP UIF NPNFOUVN FRVBUJPO 'PS B DPOUSPM WPMVNF JODMVEJOH BO
JOUFSGBDF UIF TVSGBDF UFOTJPO GPSDF Gσ JT HJWFO CZ JOUFHSBUJOH PWFS
S UIF QBSU PG UIF TVSGBDF FODMPTFE JO UIF DPOUSPM WPMVNF *U JT








XIFSF δS = δS(Y− YS) "EEJOH UIJT GPSDF UP UIF JOUFHSBM GPSN PG
UIF NPNFOUVN FRVBUJPO XF PCUBJO UIF POFïVJE WFSTJPO PG UIF





=−∇p+ρg +∇ ·µ(∇7+∇7T )+ GσδS 	

'PS DPOTUBOU TVSGBDF UFOTJPO UIF TVSGBDF GPSDF JT GσδS =σcOδS 
6TJOH POF TFU PG FRVBUJPOT GPS UIF XIPMF ïPX îFME UIF EJëFSFOU
ïVJET NVTU CF JEFOUJîFE JO TPNF XBZ ͳJT JT HFOFSBMMZ EPOF CZ
NFBOT PG B NBSLFS GVODUJPO UIBU UBLFT EJëFSFOU WBMVFT JO UIF EJG
GFSFOU ïVJET "T UIF ïVJET NPWF BOE UIF CPVOEBSZ CFUXFFO UIFN
DIBOHFT MPDBUJPO UIF NBSLFS GVODUJPO NVTU CF VQEBUFE 6QEBUJOH
NBSLFS GVODUJPO BDDVSBUFMZ JT DSJUJDBM GPS UIF TVDDFTT PG UIF TJN
VMBUJPOT PG NVMUJQIBTF ïPXT BOE JT TVSQSJTJOHMZ EJðDVMU 7BSJPVT
NFUIPET IBWF CFFO EFWFMPQFE UP PWFSDPNF UIFTF EJðDVMUJFT BOE
JU JT QPTTJCMF UP EJWJEF UIFN JOUP UXP HSPVQT NFUIPET UIBU BEWFDU
EJSFDUMZ UIF NBSLFS GVODUJPO 	iGSPOUDBQUVSJOHw NFUIPET
 BOE
NFUIPET UIBU USBDL UIF CPVOEBSZ CFUXFFO EJëFSFOU ïVJET VTJOH
NBSLFS QPJOUT BOE UIFO UIF NBSLFS GVODUJPO JT SFDPOTUSVDUFE GSPN
UIF MPDBUJPO PG UIF JOUFSGBDF 	iGSPOUUSBDLJOH NFUIPEw
 *O BEEJ
UJPO UP UIF QPTTJCMF XBZT UP VQEBUF UIF NBSLFS GVODUJPO TVSGBDF
UFOTJPO DBO CF JODMVEFE JO EJTQBSBUF NPEFT
7PMVNF 0G 'MVJE NFǄPE
ͳF 7PMVNF 0G 'MVJE 	70'
 NFUIPE JT UIF PMEFTU NFUIPE 	TFF
<>
 UP BEWFDU B NBSLFS GVODUJPO BOE BGUFS NBOZ JNQSPWFNFOUT
BOE JOOPWBUJPOT DPOUJOVFT UP CF XJEFMZ VTFE )JTUPSJDBMMZ JU
XBT BEPQUFE GPS GSFF TVSGBDF ïPXT XJUI POMZ POF ïVJE OPX JU
JT SPVUJOFMZ VTFE GPS UXPïVJE ïPXT *O UIF 70' NFUIPE UIF
NBSLFS GVODUJPO VTFE JT UIF DIBSBDUFSJTUJD EJTDSFUF GVODUJPO H
	TFF GPSNVMB 1.5
 ͳF EJSFDU BEWFDUJPO PG UIJT GVODUJPO JT CBTFE
PO B TJNQMF TUBUF BT UIF JOUFSGBDF NPWFT UIF TIBQF PG UIF SFHJPO
PDDVQJFE CZ FBDI ïVJE DIBOHFT CVU FBDI ïVJE QBSUJDMF SFUBJOT JUT
JEFOUJUZ ͳVT UIF NBUFSJBM EFSJWBUF 	GPMMPXJOH UIF NPUJPO PG B
ïVJE QBSUJDMF





+7 ·∇H = 0 	

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'PMMPXJOH UIF ïPX DPNQVUBUJPOBMMZ XF IBWF UP XPSL XJUI BO
BQQSPYJNBUJPO PG H  4FWFSBM BQQSPYJNBUJPOT BSF QPTTJCMF JO
70' NFUIPE UIF DPMPS GVODUJPO C 	PS WPMVNF GSBDUJPO
 JT VTFE
ͳJT GVODUJPO SFQSFTFOUT UIF GSBDUJPO PG B DPNQVUBUJPOBM HSJE DFMM
XIJDI JT PDDVQJFE CZ UIF ïVJE BTTVNFE UP CF UIF SFGFSFODF POF
$POTJEFSJOH B $BSUFTJBO HSJE XJUI TRVBSF DFMMT PG TJEF h =∆x =∆y





ͳF GVODUJPO C WBSJFT CFUXFFO UIF DPOTUBOU WBMVF PG POF JO GVMM
DFMMT UP [FSP JO FNQUZ DFMMT XIJMF NJYFE DFMMT XJUI BO JOUFSNFEJBUF
WBMVF PG C EFîOF UIF USBOTJUJPO SFHJPO XIFSF UIF JOUFSGBDF JT
MPDBMJ[FE 	0<C < 1

ͳF VTF BOE UIF FëFDUJWFOFTT PG 70' NFUIPET BSF XJEFTQSFBE
GPS TFWFSBM SFBTPOT
t UIFZ QSFTFSWF NBTT JO B OBUVSBM XBZ BT B EJSFDU DPOTFRVFODF PG
UIF BEWFDUJPO BMHPSJUIN CBTFE PO B EJTDSFUF SFQSFTFOUBUJPO PG
UIF DPOTFSWBUJPO MBX 	FR 

t UIF DIBOHF PG UPQPMPHZ PG UIF JOUFSGBDF 	SFDPOOFDUJPO PS
CSFBLVQ
 BSF JNQMJDJU JO UIF BMHPSJUIN
t UIFZ DBO CF SFMBUJWFMZ TJNQMZ FYUFOEFE GSPN UXPEJNFOTJPOBM UP
UISFFEJNFOTJPOBM EPNBJOT
t TJODF POMZ UIF WBMVFT PG C PG UIF OFJHICPSJOH DFMMT BSF OFFEFE
UP VQEBUF C WBMVF JO UIF DFMM (i , j ) JU JT SFMBUJWFMZ TJNQMF UP
JNQMFNFOU UIFTF BMHPSJUINT JO QBSBMMFM
*O HFOFSBM UIF 70' BMHPSJUIN TPMWFT UIF QSPCMFN PG VQEBUJOH
UIF WPMVNF GSBDUJPO îFME C HJWFO UIF îYFE HSJE UIF WFMPDJUZ îFME
BOE UIF îFME PG C BU UIF QSFWJPVT TUFQ *O MPXPSEFS 70' NFUIPET
UIF JOUFSGBDF MJOF JO FBDI NJYFE DFMM JO UIF UXP EJNFOTJPOT DBTF
JT SFQSFTFOUFE CZ B TFHNFOU QBSBMMFM UP POF PG UIF UXP DPPSEJOBUF
BYFT ͳF JOUFSGBDF JT DMFBSMZ OPU DPOUJOVPVT BDSPTT UIF DFMM CPVOE
BSZ BOE UIF KVNQ JT VTVBMMZ PG PSEFS h O (h) )JHIPSEFS NFUIPET
SFDPOTUSVDU UIF JOUFSGBDF JO WBSJPVT XBZT ͳF TUBOEBSE POF JT UIF
1-*$ 	1JFDFXJTF -JOFBS *OUFSGBDF $BMDVMBUJPO
 SFDPOTUSVDUJPO 	TFF
<>
 XIFSF UIF JOUFSGBDF JO FBDI NJYFE DFMM JT SFQSFTFOUFE CZ B
ûĀĆĄāöćõĆûāĀ 
TFHNFOU QFSQFOEJDVMBS UP UIF MPDBM HSBEJFOU PG C  N=−∇C  )PX
FWFS UIFSF JT TUJMM OP SFRVJSFNFOU UP UIF DPOUJOVJUZ PG UIF JOUFSGBDF
BU UIF DFMM CPVOEBSZ CVU OPX UIF EJTDPOUJOVJUZ JT VTVBMMZ TNBMMFS
BOE JU JT GVODUJPO PG UIF HSJE TQBDJOH BOE PG UIF MPDBM DVSWBUVSF c 
UIVT XIFOFWFS UIF DVSWBUVSF JT TNBMM 	JF UIF DVSWBUVSF SBEJVT JT
MBSHF XJUI SFTQFDU UP UIF HSJE TJ[F
 UIF NFUIPE XJMM CF BDDVSBUF
)PXFWFS 1-*$ JT B RVJUF SPCVTU JU EPFT OPU IBWF DBUBTUSPQIJD
CFIBWJPS XIFO UIF DVSWBUVSF JODSFBTFT
Color Function Low-order reconstruction PLIC reconstruction 'JHVSF  	B
 B QPSUJPO
PG UIF JOUFSGBDF MJOF BOE
UIF WBMVF PG DPMPS GVODUJPO







TFHNFOUT JO FBDI DFMM
ͳVT B 70'1-*$ BMHPSJUIN QSPDFFET JO UXP TUFQT
 SFDPOTUSVDUJPO PG UIF JOUFSGBDF TIBQF GSPN UIF LOPXMFEHF PG
WPMVNF GSBDUJPO JO FBDI DFMM
 BEWFDUJPO PG UIF SFDPOTUSVDUFE JOUFSGBDF JO B HJWFO WFMPDJUZ
îFME
'PS 1-*$ NFUIPE UIF SFDPOTUSVDUJPO JT CBTJDBMMZ B UXPTUFQ QSP
DFEVSF *O BOZ HJWFO DFMM UIF OPSNBM N JT îSTU EFUFSNJOFE GSPN
LOPXMFEHF PG UIF DPMPS GVODUJPO JO UIJT DFMM BOE JO UIF OFJHICPSJOH
POFT 4FWFSBM BMHPSJUINT IBWF CFFO EFWFMPQFE GPS UIF DBMDVMBUJPO
PG UIF OPSNBM WFDUPS UIFZ DBO CF CBTFE PO B îOJUFEJëFSFODF
BQQSPYJNBUJPO PG UIF WPMVNF GSBDUJPO HSBEJFOU ∇C 	TFF <>
 PS
TBUJTGZ TPNF PUIFS NJOJNJ[JOH DSJUFSJB 	TFF <>
 .PTU PG UIFTF
BMHPSJUINT VTFT B 3×3 CMPDL PG DFMMT 	SFNFNCFS UIBU XF BSF DPO
TJEFSJOH UIF UXPEJNFOTJPOBM DBTF
 UP EFUFSNJOF UIF BQQSPYJNBUF
JOUFSGBDF JO UIF DFOUSBM DFMM PG UIF CMPDL JO îH 	D
 UIJT DFOUSBM
DFMM JO EFOPUFE CZ UIF UXP JOEJDFT (i , j )
*O UIF TFDPOE QBSU PG UIF SFDPOTUSVDUJPO B MJOFBS JOUFSGBDF UIBU
EJWJEFT UIF DFMM JOUP UXP QBSUT DPOUBJOJOH UIF QSPQFS BSFB PG FBDI
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
ïVJE NVTU CF GPVOE *O UXP EJNFOTJPOT HJWFO B TRVBSF DFMM PG
TJEF h BOE B TUSBJHIU MJOF 	HE PG îH 
 XJUI OPSNBM WFDUPS N
XF IBWF UP îOE UIF BSFB PG UIF SFHJPO CFMPX UIJT MJOF BOE UIBU BMTP
MJFT XJUIJO UIF TRVBSF DFMM XF IBWF UP îOE UIF BSFB PG UIF QPMZHPO
ABFGD PG îH  ͳF NPTU HFOFSBM FRVBUJPO GPS B TUSBJHIU MJOF
JO UIF (x, y) QMBOF XJUI OPSNBM N JT
N ·Y=mxx+my y =α 	

XIFSF α JT B QBSBNFUFS UP CF BEKVTUFE VOUJM UIF EJëFSFODF CF
UXFFO UIF BSFB PG UIF HSBZ SFHJPO JO îH  BOE UIF WBMVF PG
∆x∆yC (i , j ) JT CFMPX B QSFTDSJCFE UPMFSBODF
'JHVSF  (FPNFUSJDBM
CBTJT GPS UIF FYQSFTTJPO

ͳF TFDPOE TUFQ PG 70' BMHPSJUIN JT QSPQBHBUJPO PG UIF JO
UFSGBDF 0ODF UIF JOUFSGBDF IBT CFFO SFDPOTUSVDUFE JUT NPUJPO CZ
UIF VOEFSMZJOH ïPX îFME NVTU CF NPEFMFE CZ B TVJUBCMF BEWFDUJPO
BMHPSJUIN ͳF NPTU VTFE JT UIF GSBDUJPOBM TUFQ 	PS PQFSBUPS TQMJU

NFUIPE XIJDI VQEBUFT UIF WPMVNF GSBDUJPO C CZ BEWFDUJOH UIF JO
UFSGBDF BMPOH POF TQBUJBM EJSFDUJPO BU B UJNF *OUFSNFEJBUF C WBMVFT
BSF DBMDVMBUFE EVSJOH UIJT QSPDFTT BOE UIF îOBM C îFME JT PCUBJOFE
POMZ BGUFS BEWFDUJPO PG UIF JOUFSGBDF BMPOH BMM UIF DPPSEJOBUF EJ
SFDUJPOT *O UIFTF DBMDVMBUJPOT JU JT VTFE B -BHSBOHJBO BQQSPBDI J
F UIF NPUJPO PG UIF JOUFSGBDF TFHNFOUT JT DPNQVUFE EJSFDUMZ 	TFF
<>
 #FDBVTF JO QSBDUJDF UIF UJNFTUFQQJOH JT QFSGPSNFE TFQB
SBUFMZ JO FBDI TQBUJBM EJSFDUJPO JU JT QPTTJCMF UP POMZ EFTDSJCFE UIF
BEWFDUJPO PG UIF JOUFSGBDF KVTU BMPOH xEJSFDUJPO
'PS FBDI DFMM UISFF DPOUSJCVUJPOT BSF DBMDVMBUFE UIF BSFB ïVYFT
ûĀĆĄāöćõĆûāĀ 
φ− BOE φ+ FOUFSJOH UIF DFMM (i , j ) SFTQFDUJWFMZ GSPN UIF DFMMT
(i −1, j ) BOE (i +1, j ) BOE UIF BSFB φ0 PG UIF ïVJE DPOUBJOFE BU UIF
CFHJOOJOH PG UIF TUFQ JO DPOUSPM DFMM ͳF VQEBUFE WPMVNF GSBDUJPO
JO FBDI DFMM BGUFS UIF GSBDUJPO TUFQ BMPOH UIF xEJSFDUJPO JT UIFO
HJWFO CZ
Cxi , j = [φ−i , j +φ0i , j +φ+i , j ] 	

ͳF -BHSBOHJBO BEWFDUJPO NFUIPE BMMPXT UP UBLF JOUP BDDPVOU
UIF TUSFUDIJOH PS DPNQSFTTJPO PG UIF JOUFSGBDF EVSJOH FBDI TJOHMF
GSBDUJPOBM TUFQ ͳF QSPDFEVSF DBO CF NBEF TFDPOEPSEFS BDDVSBUF
CZ BMUFSOBUJOH UIF BEWFDUJPO EJSFDUJPOT BU FBDI UJNF
0OF PG UIF NPTU DSJUJDBM BTQFDU PG UIF 70' NFUIPET JT UIF BD
DVSBUF DPNQVUBUJPO PG UIF TVSGBDF UFOTJPO ͳF TVSGBDF UFOTJPO
UFSN JO UIF /BWJFS4UPLFT FRVBUJPO DSFBUFT B NPTU PCWJPVT EJð
DVMUZ TJODF JU JT B TJOHVMBS UFSN *O TFWFSBM JNQMFNFOUBUJPOT PG UIF
NFUIPE UIJT EJðDVMUZ JT NBOJGFTUFE JO CPUI OVNFSJDBM JOTUBCJMJUJFT
BOE JO QPPS BDDVSBDZ PG DBQJMMBSZ FëFDUT
" XIPMF GBNJMZ PG NFUIPET GPS TVSGBDF UFOTJPO IBWF CFFO EFWFM
PQFE GPS UIF VTF PG UIF NBSLFS GVODUJPO UIF TUBOEBSE BQQSPBDIFT
BSF UIF $POUJOVPVT 4VSGBDF 5FOTJPO 	$4'
 BOE UIF $POUJOVPVT 4VS
GBDF 4USFTT 	$44

ͳF TVSGBDF UFOTJPO JT BEEFE BT B CPEZ GPSDF UP UIF EJTDSFUF
WFSTJPO PG UIF /BWJFS4UPLFT FRVBUJPO JO UIF GPSN Gσ = σcOδS  *O
UIF $4' NFUIPE 	TFF <>
 UIF δS EJTUSJCVUJPO JT BQQSPYJNBUFE CZ
|∇C | ͳJT BQQSPYJNBUJPO TFFNT UP CF OBUVSBM TJODF UIF NBSLFS
GVODUJPO C BQQSPYJNBUFT UIF )FBWJTJEF GVODUJPO H  ͳVT UP UIF
JOUFSGBDF DFMMT JT BEEFE UIF GPMMPXJOH GPSDF Gi , j
Gi , j =σc|∇C |O 	

4PNFUJNFT JU JT OFDFTTBSZ UP TNPPUI UIJT BQQSPYJNBUJPO PG δS
VTJOH B îMUFS GPS UIF DPMPS GVODUJPO "OZXBZ UIF VOTNPPUIFE
WFSTJPO BMMPXT B SFNBSLBCMF FYBDU CBMBODF CFUXFFO QSFTTVSF BOE
TVSGBDF UFOTJPO −∇p+ GσδS = 0
7FSZ JNQPSUBOU JO UIJT BMHPSJUIN JT UP îOE BO BQQSPYJNBUJPO
PG UIF DVSWBUVSF c  ͳFSF BSF NBOZ TVHHFTUJPOT CVU B QBSUJDVMBSMZ
TJNQMF POF DPOTJTUT JOUP VTJOH UIF DVSWBUVSFEJWFSHFODF SFMBUJPO
∇ ·O=−c  ͳVT UIF GPSDF UP BEE UP UIF DFMMT XIFSF UIF JOUFSGBDF JT
MPDBMJ[FE JT
Gi , j =σ(∇ ·O)|∇C |O 	

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
XIFSF UIF BQQSPYJNBUJPO PG UIF VOJU OPSNBM WFDUPS JT O= ∇C|∇C | 
*O UIF $44 JOTUFBE PG EJTDSFUJ[JOH UIF GPSDF SFQSFTFOUBUJPO PG
UIF TVSGBDF UFOTJPO POF NBZ TUBSU GSPN FR 
GσδS =∇ ·TσS δS =∇ · [σ(I−OO)δS ] 	

ͳF EJTDSFUJ[BUJPO PG FR  XJUIPVU BOZ TNPPUIJOH JT
Gi , j =∇ · (TσS |∇C |)=∇ · [σ(I−OO)|∇C |] 	

ͳFTF UXP NFUIPET HJWF VOTBUJTGBDUPSZ SFTVMUT UP JNQSPWF
UIFN JU JT DPOWFOJFOU UP TNPPUI UIF DPMPS GVODUJPO UBLJOH JOUP
BDDPVOU PUIFS OFJHICPS DFMMT 	UIF VTF PG B îMUFSFE TVSGBDF UFOTJPO
JT DPOOFDUFE XJUI UIF JEFB PG BO JOUFSGBDF XJUI B îOJUF UIJDLOFTT

0OF PG UIF NPTU DPNNPO îMUFS JT UIF iîWFQPJOU TNPPUIJOHw
C˜i , j = 12Ci , j +
1
8
(Ci , j−1+Ci , j+1+Ci−1, j +Ci+1, j ) 	

 463'&3 WT (&33*4 DPEF
5XP EJëFSFOU OVNFSJDBM DPEFT IBWF CFFO VTFE UP QFSGPSN UIF
OVNFSJDBM TJNVMBUJPO SFQPSUFE JO UIJT UIFTJT BO iBEIPDw WFSTJPO
PG 463'&3 BOE (&33*4 B OFX HFOFSBUJPO 70' DPEF #PUI BSF
PQFOTPVSDF ïPX TPMWFST
463'&3 JT B îYFEHSJE OVNFSJDBM DPEF EFWFMPQFE JO UIF T CZ
-BGBVSJF FU BM <> GPS UIF TJNVMBUJPO PG UXP BOE UISFFEJNFOTJPOBM
ïPXT XJUI TFWFSBM ïVJE QIBTFT BOE GSFF JOUFSGBDFT CFUXFFO UIFN
*U JT CBTFE PO UIF 70'1-*$ NFUIPE BOE JUT UXP FTTFOUJBM GFBUVSFT
BSF UIF BCJMJUZ UP DBQUVSF UIF JOUFSGBDF BOE B DPNQVUBUJPOBMMZ Fð
DJFOU BMHPSJUIN GPS TVSGBDF UFOTJPO ͳF JOJUJBM JEFB GPS 463'&3
BOE JO QBSUJDVMBS GPS UIF % WFSTJPO PG UIF DPEF XBT EFWFMPQFE CZ
;BMFTLJ
ͳF HPWFSOJOH FRVBUJPOT BSF TPMWFE USPVHI B QSPKFDUJPO
NFUIPE VTJOH TUBHHFSFE îOJUF EJëFSFODF PO B ."$ HSJE BOE B
TQMJUFYQMJDJU îSTUPSEFS BDDVSBUF UJNF EJëFSFODJOH TDIFNF ͳF
WFMPDJUZ JT îSTU VQEBUFE XJUI UIF WJTDPVT BOE DBQJMMBSZ UFOTPST
UIFO XJUI UIF BEWFDUJPO UFSN *O UIJT XBZ JU JT DPNQVUFE B QSPWJ
TJPOBM WFMPDJUZ îFME 7∗ UIBU IBWF UP CF QSPKFDUFE PO B EJWFSHFODF
GSFF îFME 	JO UIJT XBZ JODPNQSFTTJCJMJUZ JT FOGPSDFE
 ͳF WFMPDJUZ
ûĀĆĄāöćõĆûāĀ 
îFME BU UJNF TUFQ tn+1




XIFSF τ= tn+1−tn JT UIF UJNF TUFQ BOE p JT UIF TPMVUJPO PG 1PJTTPO
QSPCMFN XJUI IPNPHFOFPVT /FVNBOO CPVOEBSZ DPOEJUJPOT






ͳVT UIF WFMPDJUZ îFME 7n+1 IBT UP WFSJGZ UIF JODPNQSFTTJCJMJUZ
FRVBUJPO
∇ ·7n+1 = 0 	

6TJOH BO FYQMJDJUJOUJNF DFOUFSFEJOTQBDF îOJUFEJëFSFODF
TDIFNF JOUSPEVDFT DMBTTJDBM MJNJUBUJPOT PO UIF UJNF TUFQ BOE PO
UIF NFTI 3FZOPMET OVNCFS TFF <>
ͳF FTUJNBUJPO PG EFOTJUZ BOE WJTDPTJUZ JT NBEF USPVHI B TJNQMF
WPMVNF BWFSBHF PWFS UIF DFMM




*O UIJT XBZ CPUI UIF WJTDPVT UFSN JO /BWJFS4UPLFT FRVBUJPO BOE
UIF 1PJTTPO QSPCMFN EFQFOE JNQMJDJUMZ PO UIF DPMPS GVODUJPO *O
QBSUJDVMBS UIF îSTU UFSN PG FR  NBZ CF TJOHVMBS GPS UXP EJëFS
FOU SFBTPO îSTU CFDBVTF UIF QSFTTVSF p KVNQT BDSPTT UIF JOUFSGBDF
BOE TFDPOE CFDBVTF BMTP ρ KVNQT 'PS UIFTF SFBTPO BMUIPVHI
B TIBSQ JOUFSGBDF JT NPSF BDDVSBUF BOE TPNFXIBU QSFWFOUT UIF
EJëVTJPO PG EFOTJUZ BOE NPNFOUVN TPNFUJNFT HFUT B TMPXFS
DPOWFSHFODFT PG UIF 403 BMHPSJUIN 	UIBU XF IBWF JNQMFNFOUFE
JO UIF iJOIPVTFw NPEJîFE 463'&3 UP TPMWF UIF 1PJTTPO QSPCMFN
JO TQJUF PG JUT TMPX DPOWFSHFODF CFDBVTF PG JUT FYUSFNF TJNQMJDJUZ

BOE EPFT OPU BMMPX UP PCUBJO B TFDPOEPSEFS TQBUJBM BDDVSBDZ GPS
UIF TPMVUJPO PG QSFTTVSF îFME
*O UIF VTFE WFSTJPO PG 463'&3 UIF TVSGBDF UFOTJPO JT DPNQVUFE
USPVHI UIF $4' BMHPSJUIN
ͳJT DPEF JT TUBCMF JO BO BQQSFDJBCMF SBOHF PG QBSBNFUFST BM
UIPVHI JU BQQFBST EJðDVMU UP USFBU MBSHF EFOTJUZ SBUJPT BOE MBSHF
TVSGBDF UFOTJPOT TJNVMUBOFPVTMZ &TQFDJBMMZ MJOLFE UP UIF TVSGBDF
UFOTJPO BMHPSJUIN BMM MPOH B XFBL QPJOU PG NFUIPE VTJOH BO JN
QMJDJU SFQSFTFOUJOH PG UIF JOUFSGBDF JT UIF QSFTFODF PG iQBSBTJUFw
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
PS iTQVSJPVT wDVSSFOUT ͳFTF DVSSFOUT BSF WPSUJDFT BQQFBSJOH
JO OVNFSJDBM TJNVMBUJPOT JO UIF OFJHICPSIPPE PG UIF JOUFSGBDFT
EFTQJUF UIF BCTFODF PG BOZ FYUFSOBM GPSDJOH *U JT EJðDVMU UP HJWF
B TZTUFNBUJD FYQSFTTJPO GPS UIF BNQMJUVEF PG TQVSJPVT DVSSFOUT
CFDBVTF UIFZ PGUFO ïVDUVBUF JO UJNF CVU EJSFDU NFBTVSFNFOUT
IBWF TIPXO UIBU JU EFQFOET PO QBSBNFUFST TVDI BT UIF WJTDPTJUZ
UIF EFOTJUZ BOE UIF UJNF TUFQ "U XPSTU UIFTF QBSBTJUJD DVSSFOUT
DBO CF TUSPOH FOPVHI UP EPNJOBUF UIF TPMVUJPO " OPU QFSGFDU
FRVJMJCSJVN CFUXFFO UIF QSFTTVSF KVNQ BDSPTT UIF JOUFSGBDF BOE
UIF TVSGBDF UFOTJPO GPSDF 	-BQMBDFT MBX 
 JT BMTP EVF UP UIF
QSFTFODF PG UIFTF DVSSFOUT
(&33*4 'MPX 4PMWFS JT TVDDFTTGVM UP PWFSDPNF UIF QSPCMFN
PG TQVSJPVT ïPXT BOE BMMPXT UP IBWF NPSF BDDVSBUF TJNVMBUJPO
SFEVDJOH UIF DPNQVUBUJPOBM UJNF ͳJT DPEF EFWFMPQFE CZ 1PQJOFU
	TFF <> BOE <>
 QSFTFOUT UIF DVSSFOU BEWBODFT JO UIF OVNFSJDBM
TJNVMBUJPOT PG UXPïVJE ïPXT DPNCJOJOH UXP DMBTTJDBM NFUIPET
OBNFMZ UIF 70' NFUIPE BOE UIF "EBQUJWF .FTI 3FîOFNFOU
	".3
 NFUIPE UIBU MFBE UP BO PQUJNJ[BUJPO PG OVNFSJDBM DBMDVMB
UJPOT
%ZOBNJD NFTIBEBQUJWF NFUIPET DBO EFBM FðDJFOUMZ XJUI UIF
QIFOPNFOB JOWPMWJOH B XJEF SBOHF PG TQBUJBM TDBMFT UZQJDBM PG UXP
ïVJE ïPXT 4JNVMBUJPOT XJUI ".3 BSF FYUSFNFMZ FðDJFOU CPUI
JO UFSN PG SFTPMVUJPO BOE JO UFSN PG $16 UJNF CFDBVTF XF IBWF
GFXFS DFMMT BOE TNBMMFS $16 UJNF UIBO BO VOJGPSN NFTI XJUI UIF
IJHIFTU SFTPMVUJPO ͳF ".3 JNQMFNFOUFE JO (&33*4 JT CBTFE PO
B EJTDSFUJ[BUJPO VTJOH TRVBSF 	DVCF JO JO UISFF EJNFOTJPOT
 îOJUF
WPMVNFT PSHBOJ[FE IJFSBSDIJDBMMZ BT RVBEUSFF 	PDUSFF JO UISFF EJ
NFOTJPOT
 *O UIJT PSHBOJ[BUJPO FBDI DFMM NBZ CF UIF QBSFOU PG VQ
UP GPVS DIJMESFO 	FJHIU JO %
 ͳF SPPU DFMM JT UIF CBTF PG UIF USFF
BOE B MFBG DFMM JT B DFMM XJUIPVU BOZ DIJME 0OF PG UIF BEWBOUBHF PG
UIJT TQBUJBM EJTDSFUJ[BUJPO JT UIBU NFTI SFîOFNFOU PS DPBSTFOJOH
DBO CF QFSGPSNFE BU FWFSZ UJNFTUFQ JG OFDFTTBSZ CZ NFBOT PG EJG
GFSFOU TFWFSBM SFîOFNFOU DSJUFSJB UIBU DBO CF VTFE TJNVMUBOFPVTMZ
'PS FYBNQMF UIF DSJUFSJB UIBU IBWF CFFO VTFE JO PVS TJNVMBUJPO
BSF CBTFE PO UIF WPSUJDJUZ ∇×7 BOE PO UIF HSBEJFOU PG UIF DPMPS
GVODUJPO ∇C  JO UIJT XBZ B îOFS SFTPMVUJPO IBT CFFO FOTVSFE JO
BSFBT PG IJHI WPSUJDJUZ BOE BSPVOE UIF JOUFSGBDF
ûĀĆĄāöćõĆûāĀ 
'JHVSF  &YBNQMF PG
".3 PG UIF TJNVMBUJPO
EPNBJO ͳF DBTF SFQPSUFE
JT EJTDVTTFE JO DIBQUFS 2
TFDUJPO 2.1
"MM UIF WBSJBCMFT BSF DPMMPDBUFE BU UIF DFOUFS PG FBDI DFMM 	B
DPMMPDBUFE HSJE NBLFT NPNFOUVN DPOTFSWBUJPO TJNQMFS XIFO
EFBMJOH XJUI NFTI BEBQUBUJPO
 BOE B TUBHHFSFE TFDPOEPSEFS
BDDVSBUF UJNF EJTDSFUJ[BUJPO JT DPOTJEFSFE
*O 463'&3 TVDI BT JO BMNPTU BMM UIF QSFWJPVT 70' CBTFE DPEF
PCUBJOJOH BDDVSBUF WBMVFT GPS VTFGVM HFPNFUSJDBM QSPQFSUJFT J F
JOUFSGBDF OPSNBM EJSFDUJPO BOE DVSWBUVSF IBT USBEJUJPOBMMZ CFFO
UIF "DIJMMFT IFFM #FTJEFT UIF PSJHJOBM DVSWBUVSF FTUJNBUJPO PG
<> BMSFBEZ EJTDVTTFE BU UIF CFHJOOJOH PG UIJT TFDUJPO TFWFSBM
NFUIPET IBWF CFFO QSPQPTFE GPS FTUJNBUJOH DVSWBUVSF GSPN WPM
VNF GSBDUJPO îFME ͳF i)FJHI'VODUJPOw 	)'
 TDIFNF EFWFMPQFE
CZ 'SBOÎPJT FU BM <> JT TJNQMFS UP JNQMFNFOU UIBO PUIFS IJHI
PSEFS NFUIPET CVU JU JT MJNJUFE XIFO UIF JOUFSGBDF JT CBESFTPMWFE
BOE UIF DVSWBUVSF CFDPNFT DPNQBSBCMF UP NFTITJ[F *O (&3
3*4 XF îOE B OFX HFOFSBMJ[FE UP RVBEPDUSFF EJTDSFUJ[BUJPO )'
NFUIPE XIJDI BTTVSFT DPOTJTUFOU TFDPOEPSEFS DPOWFSHFODF FWFO
GPS MPX SFTPMVUJPOT <>
"MUIPVHI DPNQVUJOH BDDVSBUF DVSWBUVSF JT BO FTTFOUJBM TUFQ UP
PCUBJO BO BDDVSBUF TVSGBDF UFOTJPO GPSNVMBUJPO JU JT OPU TVðDJFOU
'PS UIJT SFBTPO JO (&33*4 JT JNQMFNFOUFE B NFUIPE UIBU TUSFTTFT
UIF JNQPSUBODF PG UIF DPODFQU PG iCBMBODFGPSDFw DPOUJOVVN
GPSNVMBUJPO <> UP CF DPVQMFE XJUI UIF HFOFSBMJ[FE )' ͳJT
NFUIPE VTFT UIF TUBOEBSE $4' BOE JT DIBSBDUFSJ[FE CZ B QSFTTVSF
DPSSFDUJPO BMHPSJUIN UIBU MFBET UP BO FYBDU CBMBODF CFUXFFO ∇p
BOE TVSGBDF UFOTJPO GPSDF
"OPUIFS DMBTTJDBM EJðDVMUZ PG NFUIPET XJUI BO JNQMJDJU SFQ
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
SFTFOUBUJPO PG UIF JOUFSGBDFT JT UP IBOEMF MBSHF EFOTJUZ SBUJPT *U JT
UFNQUJOH BOE PGUFO OFDFTTBSZ UP TNPPUI UIF KVNQT JO QIZTJDBM
QSPQFSUJFT CVU JO UIJT XBZ UIF SFTVMUJOH OVNFSJDBM BQQSPBDI DBO
MFBE UP QIZTJDBM JODPOTJTUFOU SFTVMUT " SFMBUFE QSPCMFN GPS MBSHF
EFOTJUZ SBUJP JT UIBU UIF 1PJTTPO FRVBUJPO  CFDPNFT TUJëFS
(&33*4 VTFT UIF NVMUJHSJE 1PJTTPO TPMWFS QSFTFOUFE CZ 1PQJOFU
<> GPS TJOHMFïVJE ïPXT UIBU îUT OJDFMZ XJUI UIF RVBEPDUSFF
EJTDSFUJ[BUJPO BOE XPSLT XFMM BMTP GPS UXPïVJE ïPXT <> *UT
QFSGPSNBODF JO UFSNT PG DPOWFSHFODF TQFFE EFQFOET PO UIF
DPOTJTUFODZ PG UIF SFQSFTFOUBUJPO PG UIF EPNBJO UPQPMPHZ 	 JF
JOUFSGBDF
 PO TVDDFTTJWFMZ DPBSTFS HSJET
"MM UIF QSFTFOUFE BEWBODFT JO OVNFSJDBM TJNVMBUJPO BSF BMMPX
JOH UP HP EFFQ JOUP UIF VOEFSTUBOEJOH PG UIF QIZTJDBM QSPDFTTFT
VOEFSMZJOH NVMUJïVJE ïPXT ͳF BDDVSBUF TDIFNFT EFTDSJCFE JO
EFFE IBWF NBEF QPTTJCMF UP QFSGPSN TJNVMBUJPO FWFO JO DSJUJDBM
SFHJNFT PG UXPïVJE TZTUFNT GPS FYBNQMF UIF POFT GPVOE JO UIF
BUPNJ[BUJPO QSPDFTT BOE UIF BEBQUJWF NFTI IBT TIPXO UP QSP
WJEF B HBJO PG BCPVU UISFF PSEFS PG NBHOJUVEF JO TJNVMBUJPO TJ[F
DPNQBSFE UP BO FRVJWBMFOU SFHVMBS$BSUFTJBOHSJE TJNVMBUJPO

5XPGMVJE GMPXT JO QƾOF HFPNFUSZ
ͳF JODPNQSFTTJCMF ïPX NBEF CZ UXP IPSJ[POUBM QBSBMMFM JOîOJUF
TUSFBNT PG EJëFSFOU WFMPDJUJFT EFOTJUJFT BOE WJTDPTJUZ SFQSFTFOUT B
DMBTTJDBM TUBCJMJUZ QSPCMFN 8F îOE NBOZ SFBMJ[BUJPOT PG TVDI ïPX
JO HFPQIZTJDT UIFSNBMMZ TUSBUJîFE MBZFST JO PDFBOT GPS JOTUBODF PS
JO UIF BUNPTQIFSF ͳJT JT BMTP UIF DBTF BU UIF TVSGBDF PG UIF TFB
UIF XJOE CMPXJOH EFTUBCJMJ[FT UIF TVSGBDF PG UIF TFB HFOFSBUJOH
XBWFT UIBU NBZ QSPQBHBUF BOE HSPX ͳJT NFDIBOJTN JT B TIFBS
MBZFS JOTUBCJMJUZ BOE XBT JOJUJBMMZ TUVEJFE CZ )FMNIPMU[ <> XIP
EFTDSJCFE JU BT UIF FWPMVUJPO PG B MPDBMJ[FE JSSFHVMBSJUZ PO B UIJO
TIFBS MBZFS 'FX ZFBST MBUFS ,FMWJO <> HBWF B EFTDSJQUJPO PG
UIJT JOTUBCJMJUZ VTJOH UIF QPXFSGVM NBUIFNBUJDBM GSBNFXPSL PG
MPXBNQMJUVEF TJOVTPJEBM QFSUVSCBUJPOT ͳFSFGPSF UIJT TIFBS
JOTUBCJMJUZ JT HFOFSBMMZ SFGFSSFE UP BT ,FMWJO)FMNIPMU[ JOTUBCJMJUZ
	,)

5XPQIBTFT ïPXT PG JNNJTDJCMF ïVJET BSF GPVOE BMTP JO JOEVT
USJBM BQQMJDBUJPOT 'PS FYBNQMF UIF DBTF PG QBSBMMFM ïPXJOH MBZFST JT
POF QSPUPUZQJDBM BOE JNQPSUBOU DPOîHVSBUJPO GPS UIF BUPNJ[BUJPO
PG GVFMT JO UIFSNBM FOHJOFT *O UIF BUPNJ[BUJPO QSPDFTT UIF ïPX JT
VOTUBCMF EVF UP UIF FYQPOFOUJBM HSPXUI PG TNBMM QFSUVSCBUJPOT UP
UIF CBTF ïPX ͳJT QSJNBSZ TIFBS JOTUBCJMJUZ B UZQJDBM ,) NFDI
BOJTN QSPEVDFT XBWFT GPSNBUJPO BU UIF HBTMJRVJE JOUFSGBDF BOE
SFQSFTFOUT UIF îSTU PG TFWFSBM QSPDFTTFT PO JODSFBTJOHMZ TNBMMFS
MFOHUI TDBMFT XIJDI MFBET UP UIF FWFOUVBM QSPEVDUJPO PG ESPQMFUT
-JOFBS TUBCJMJUZ UIFPSZ JT UIF îSTU NFUIPE VTFE UP FYBNJOF
UIJT QIFOPNFOPO CVU UP VOEFSTUBOE UIF FëFDUT PG UIF OPOMJOFBS
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
EJTUVSCBODFT BNQMJUVEF HSPXUI BOE UP TUVEZ UIFJS TVCTFRVFOU
CSFBLVQ JOUP ESPQT OVNFSJDBM TJNVMBUJPOT BSF JOEJTQFOTBCMF
ͳFTF BSF UIF UXP UPPMT UIBU XJMM CF VTFE JO UIJT DIBQUFS UP BOBMZ[F
TPNF FYBNQMFT PG HBTMJRVJE ïPXT
 5IF FWPMVǆPO PG B MPDBMJ[FE OPOMJOƺS ,FMWJO
)FMNIPMU[ XBWF XJǄ HSBWJǋ
*O UIJT TFDUJPO JU JT IJHIMJHIUFE IPX UIF BQQSPBDIFT PG )FMNIPMU[
BOE ,FMWJO BSF DSJUJDBMMZ PQQPTFE UIF POF DPOTJEFST UIF OPOMJOFBS
FWPMVUJPO PG B MPDBMJ[FE QFSUVSCBUJPO BOE UIF PUIFS DPOTJEFST UIF
MJOFBS FWPMVUJPO PG B QFSJPEJD XBWF ͳJT DSJUJDBM PQQPTJUJPO XBT
UIF DFOUSBM UPQJD PG B SFDFOU BSUJDMF <> *O UIJT QBQFS OVNFSJDBM
TJNVMBUJPOT PG B TIFBS MBZFS XBT QFSGPSNFE BOE UIF EJëFSFODFT
CFUXFFO B XFBL TJOVTPJEBM JOJUJBM DPOEJUJPO 	,FMWJO
 BOE B TUSPOH
MPDBMJ[FE JOJUJBM DPOEJUJPO 	)FMNIPMU[
 XFSF TUVEJFE *O UIF DBTF
PG B MPDBMJ[FE JOJUJBM DPOEJUJPO PG BNQMJUVEF TVðDJFOU UP DSFBUF
JNNFEJBUFMZ B OPOMJOFBS XBWF B TFMG TJNJMBS HSPXUI PG UIF XBWF
DBO CF PCTFSWFE ͳF MPDBMJ[FE BOE OPOMJOFBS XBWF HSPXT BMHF
CSBJDBMMZ JO UJNF XJUIPVU DIBOHJOH JUT TIBQF ͳJT TFMGTJNJMBS
HSPXUI DBO CF VOEFSTUPPE GSPN UIF GBDU UIBU UIF &VMFS FRVBUJPOT
IBWF OP JOUSJOTJD MFOHUI TDBMF UIVT UIF POMZ MFOHUI TDBMF JT JOFSUJBM
L =Ut  XJUIU UIF WFMPDJUZ KVNQ BDSPTT UIF TIFBS MBZFS BOE t UIF
UJNF ͳF XBWF HSPXT TFMGTJNJMBSMZ BDDPSEJOH UP UIF HSPXUI PG UIJT
JOFSUJBM MFOHUITDBMF *O UIF DBTF PG B TJOVTPJEBM JOJUJBM DPOEJUJPO
PO UIF PUIFS IBOE MJLF UIF DMBTTJDBM DBTF PG ,FMWJOT BOBMZTJT UIF
TFMGTJNJMBS HSPXUI DBOOPU CF PCTFSWFE TJODF UIF QFSJPEJD JOJUJBM
DPOEJUJPO QPMMVUFT UIF EZOBNJDT XJUI UIF TDBMF PG JUT XBWFMFOHUI
UIF EZOBNJDBM TUSVDUVSFT BQQFBSJOH EVSJOH UIF OBUVSBM FWPMVUJPO PG
UIF JOTUBCJMJUZ 	SPMMFEVQ WPSUJDFT BMTP LOPXO BT ,FMWJO)FMNIPMU[
CJMMPXT
 BSF MPDLFE BU UIJT FYUFSOBMMZ JNQPTFE XBWFMFOHUI
ͳF BJN PG UIJT TFDUJPO JT UP QVSTVF UIF BOBMZTJT PG UIF TFMG
TJNJMBS TPMVUJPO PCTFSWFE JO <> XJUI EJSFDU OVNFSJDBM TJNVMB
UJPOT ͳF TFMGTJNJMBS TPMVUJPO JT QPTTJCMF POMZ XIFO UIFSF JT OP
JOUSJOTJD MFOHUI TDBMF JO UIF QSPCMFN TP JG XF DIPTF UP DPOTJEFS
UIF FëFDU PG WJTDPTJUZ BOE TVSGBDF UFOTJPO XF XPVME BEE B WJTDPVT
MFOHUI TDBMF BOE B DBQJMMBSZ MFOHUI TDBMF 8F DBO DPOTJEFS UIFTF
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  B
 &WPMVUJPO JO
UJNF PG UIF XBWF JOUFSGBDF
GPS B HBT 	ïVJE PWFS UIF
TIFBS MBZFS
 UFO UJNFT
MJHIUFS UIBO UIF MJRVJE 	UIF
ïVJE CFMPX UIF TIFBS MBZFS

GPS B XFJHIUMFTT XBWF g = 0
	MJHIU HSBZ JOUFSGBDF
 BOE GPS
g = 0.007 	CMBDL JOUFSGBDF

C
 &WPMVUJPO JO UJNF PG
UIF TJ[F PG UIF XBWF XIJMF
WBSZJOH UIF JOUFOTJUZ PG UIF
HSBWJUZ 	'SPN <>

TDBMFT BT TNBMM MFOHUI TDBMFT /FWFSUIFMFTT XIFO UIF JOTUBCJMJUZ
JT JOJUJBUFE MPDBMMZ UIF XBWF NBZ HSPX RVJDLMZ CFZPOE UIFTF UXP
TNBMM MFOHUI TDBMFT UPXBSE JUT TFMG TJNJMBS SFHJNF UIF CJHHFS UIF
XBWF UIF MFTTFS UIF JNQBDU PG WJTDPTJUZ BOE DBQJMMBSJUZ UIFTF UXP
FëFDUT XJMM QMBZ UIFJS SPMF EVSJOH UIF JOJUJBM USBOTJFOU GSPN UIF
JOJUJBM DPOEJUJPO *O UIF DBTF PG B TIFBS MBZFS CFUXFFO UXP ïVJET
PG EJëFSFOU EFOTJUJFT BOE JO UIF QSFTFODF PG HSBWJUZ UIFSF JT ZFU
BOPUIFS MFOHUI TDBMF XIJDI JT B MBSHF MFOHUI TDBMF UIF CJHHFS UIF
XBWF UIF MBSHFS UIF JNQBDU PG JUT XFJHIU #BTJDBMMZ JO UIJT TFDUJPO
UIF TUVEZ PG UIF TFMGTJNJMBS XBWF JT FYUFOEFE UP UIF DBTF XIFSF
HSBWJUZ JT QSFTFOU
/VNFSJDBM FYQFSJNFOUT PG B TIFBS MBZFS JOJUJBMMZ QFSUVSCFE BU B
HJWFO MPDBUJPO XJUI BO JOJUJBM GPSDF MBSHF FOPVHI UP DSFBUF B XBWF
JNNFEJBUFMZ OPOMJOFBS BSF SFQPSUFE "GUFS B TIPSU JOJUJBM USBOTJFOU
UIF XBWF UFOET UP JUT TFMGTJNJMBS BMHFCSBJD HSPXUI CVU PODF UIF
XBWF CFDPNFT MBSHF UIF WPMVNF GPSDF PG JUT XFJHIU TUBSUT UP QMBZ
JUT SPMF BHBJOTU JOTUBCJMJUZ BOE BHBJOTU TFMGTJNJMBSJUZ BT TIPXO JO
îH 
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
.PEFM
ͳF XBWF JT DPOTJEFSFE BT BO PCTUBDMF UP UIF HBT TUSFBN TVDI UIBU
UIF ïPX BCPWF JUT IFBE JT BDDFMFSBUFE ͳJT BDDFMFSBUJPO JOEVDFT B
QSFTTVSF ESPQ XIJDI JT UIF ESJWJOH GPSDF GPS UIF WFSUJDBM HSPXUI PG
UIF XBWF ͳF JOUFOTJUZ PG UIJT QSFTTVSF ESPQ EPFT OPU EFQFOE PO
UIF TJ[F PG UIF XBWF UIJT JT UIF NBJO JOHSFEJFOU GPS TFMG TJNJMBSJUZ
4JODF UIF XBWF HSPXT JU XJMM FWFOUVBMMZ SFBDI B TJ[F BU XIJDI WPM
VNF GPSDFT MJLF HSBWJUZ CFDPNF DPNQBSBCMF UP UIF BFSPEZOBNJD
TVSGBDF GPSDFT 0ODF UIF IZESPTUBUJD QSFTTVSF ESPQ JO UIF MJRVJE
CPEZ PG UIF XBWF FRVBMT UIF BFSPEZOBNJD QSFTTVSF ESPQ UIFSF
JT OP MPOHFS B ESJWJOH QPXFS BOE UIF XBWF IBT SFBDIFE JUT NBYJ
NVN TJ[F 'JH  EJTQMBZT UIF BSDIFUZQBM DPOîHVSBUJPOT JO HSBZ
UIF FWPMVUJPO PG UIF XFJHIUMFTT XBWF UIBU HSPXT JO TJ[F XJUIPVU
DIBOHJOH TIBQF JO CMBDL UIF XBWF XJUI HSBWJUZ UIBU SFBDIFT B
TUBUJPOBSZ IFJHIU BGUFS BO JOJUJBM USBOTJFOU ͳFTF TJNVMBUJPOT DPS
SFTQPOE QSFDJTFMZ UP UIF DBTF BOE QBSBNFUFST PG <> FYDFQU UIBU B
WFSUJDBM BDDFMFSBUJPO JT JODMVEFE UP NPEFM HSBWJUZ
ͳF NBJO QBSBNFUFST BSFU UIF WFMPDJUZ EJëFSFODF CFUXFFO
UIF HBT BOE MJRVJE g UIF BDDFMFSBUJPO PG HSBWJUZ ρHBT BOE ρMJR UIF
EFOTJUJFT PG UIF HBT BOE MJRVJE 	SFTQFDUJWFMZ BCPWF BOE CFMPX UIF
TIFBS MBZFS
 %JNFOTJPOBM BOBMZTJT UFMMT UIBU UIF XBWF TIPVME SFBDI
JUT NBYJNVN TJ[F LBQFY ∝U2/g JO B UJNF TBQFY ∝U/g  0ODF
UJNF BOE TQBDF BSF NBEF OPOEJNFOTJPOBM VTJOH UIFTF SFMFWBOU
TDBMFT UIF SFNBJOJOH QBSBNFUFST BSF UIF 3FZOPMET BOE UIF 8F
CFS OVNCFS 	RVBOUJGZJOH SFTQFDUJWFMZ UIF FëFDU PG WJTDPTJUZ BOE
TVSGBDF UFOTJPO
 UIF SBUJP PG UIF TIFBS MBZFS UIJDLOFTT BOE XBWF
IFJHIU δ/LBQFY BOE UIF EFOTJUZ SBUJP r = ρHBT/ρMJR $POTJEFSJOH
UIF JEFBM MJNJU JO XIJDI 3FZOPMET BOE 8FCFS OVNCFST BSF MBSHF
BOE UIF NJYJOH MBZFS JT UIJO UIF POMZ SFNBJOJOH QBSBNFUFS JT UIF
EFOTJUZ SBUJP r 
*U JT QPTTJCMF UP JOTQFDU UIF XBWF HSPXUI VTJOH B TJNQMF BOBMZTJT
CBTFE PO UIF #FSOPVMMJ FRVBUJPO 4FF îH  GPS B TLFUDI PG UIF
XBWF DPOîHVSBUJPO ͳF BFSPEZOBNJD QSFTTVSF ESPQ EVF UP UIF
OBSSPXJOH PG UIF TUSFBNMJOFT BCPWF UIF MJRVJE PCTUBDMF JT ∆pHBT∝
ρHBTU2 *O QBSBMMFM UIF QSFTTVSF ESPQ JO UIF MJRVJE EVF UP UIF
BDDFMFSBUJPO PG UIF MJRVJE TVDLFE GSPN JUT CPUUPN BU TQFFE v BOE
UIF HSBWJUZ JT ∆pMJR∝ ρMJR(v2+ gL) 4JODF JO UIF SFHJPO PG UIF XBWF
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
IFBE UIF QSFTTVSF JT UIF TBNF JO UIF MJRVJE BOE JO UIF HBT UIFTF




XJUI C B HFPNFUSJDBM DPOTUBOU ͳJT FYQSFTTJPO JT DIBSBDUFSJTUJD
PG UIF DPVOUFSBDUJOH FëFDUT PG JOFSUJB BOE XFJHI /PX UIF MBX
EFTDSJCJOH UIF FWPMVUJPO PG UIF XBWF TJ[F DBO CF TJNQMZ PCUBJOFE
DPOTJEFSJOH UIBU UIF XBWF BSFB HSPXT JO UJNF QSPQPSUJPOBMMZ UP UIF
BNPVOU PG UIF MJRVJE TVDLFE BU TQFFE v GSPN UIF CPUUPN TFDUJPO PG
UIF XBWF PG MFOHUI L XF HFU L˙∝ v  XIJDI ZJFMET VQPO JOUFHSBUJPO
8FJHIUMFTT MBX︷ ︸︸ ︷
L = a$rUt −bg t2, t < TBQFY
L = LBQFY, t ≥ TBQFY.
	

ͳF XFJHIUMFTT BMHFCSBJD HSPXUI JT SFDPHOJTBCMF GPS TIPSU UJNFT
XJUI UIF DPOTUBOU a XIJDI JT DPVOUFSBDUFE CZ B HSBWJUZ UFSN
HSPXJOH MJLF UIF TRVBSF PG UJNF VOUJM t = TBQFY XIFO JU GPSCJET
BOZ NPSF HSPXUI BGUFS UIJT UISFTIPME UJNF PVS TJNQMF BOBMZTJT











XJUI α= a2/4b β= a/4b
ͳJT MBX PG HSPXUI BOE TBUVSBUJPO PG UIF XBWF VOEFS UIF DPN
CJOFE BDUJPO PG XJOE BOE XFJHIU JT DPNQBSFE UP DPNQVUFE EBUB
JO îH C
 8F TIPX UIF FWPMVUJPO JO UJNF PG UIF XBWF TJ[F XIJMF
WBSZJOH g GSPN 0 	UIF TFMG TJNJMBS FWPMVUJPO
 VQ UP g = 0.02 ͳF
FRVBUJPO 	
 IBT CFFO ESBXO TVQFSJNQPTFE UP UIF OVNFSJDBM
EBUB XJUI DPOTUBOU a BEKVTUFE PO UIF XFJHIUMFTT BMHFCSBJD MBX
BOE b TVDI BT UP îU CFTU UIF EBUB GPS BMM TIPXO WBMVFT PG g  *OEFFE
BMM DVSWFT TUBSU XJUI UIF TBNF TMPQF BT UIF XFJHIUMFTT DBTF BOE
TBUVSBUF BU B IFJHIU DPNQBUJCMF XJUI UIF TDBMJOH POU2/g GSPN
	

ͳF JOUFHSBUJPO JO 	
 QSFEJDUT BO FWPMVUJPO PG UIF XBWF
JO UXP TFRVFODFT îSTU B HSPXUI XIFSF UIF BMHFCSBJD MBX PG UIF
XFJHIUMFTT XBWF JT QSPHSFTTJWFMZ DPNQFOTBUFE XJUI B HSBWJUZ UFSN
HSPXJOH MJLF UIF TRVBSF PG UJNF GPMMPXFE CZ B TUBUF XJUI B XBWF PG
DPOTUBOU TJ[F
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'JHVSF  4DIFNBUJD SFQ
SFTFOUBUJPO PG UIF HSPXJOH
XBWF B
 *MMVTUSBUJPO PG UIF
TUSFBNMJOF BOE QSFTTVSF
SFMFWBOU UP UIF EZOBNJD
NPEFM PG UIF XBWF 	

BOE C
 XBWF TUSVDUVSF VTFE
UP EFîOF UIF IFJHIU PG UIF
XBWF GSPN DPOTJEFSBUJPO PG




ͳJT RVBOUJUBUJWF NPEFM POMZ EFTDSJCFT UIF HMPCBM CFIBWJPS PG
UIF MJRVJE TUSVDUVSF XF UIVT OFFE UP DIPTF BO PCTFSWBCMF UIBU
PWFSMPPLT UIF TNBMM TDBMF EFUBJMT 4JODF UIF XBWF XJUI HSBWJUZ JT
DIBSBDUFSJ[FE CZ B TUSPOH BOJTPUSPQZ UIBU QSFWFOUT UIF XBWF GSPN
HSPXJOH JO WFSUJDBM EJSFDUJPO UP NFBTVSF UIF IFJHIU PG UIF XBWF
XF VTF B EFWJTF JOTQJSFE CZ DPOTJEFSBUJPOT PG HSBWJUZ QPUFOUJBM
FOFSHZ PG UIF MJRVJE TZTUFN
ͳF HSBWJUZ QPUFOUJBM FOFSHZ PG B ïVJE FMFNFOU BU BMUJUVEF y JT
EEp = ρg yES ͳVT UIF WBSJBUJPO PG UPUBM HSBWJUZ QPUFOUJBM FOFSHZ




[ρ(x, y, t )−ρ(x, y,0)]yES.
ͳF EFOTJUZ ρ JO UIJT FRVBUJPO DBO CF FJUIFS UIBU PG UIF MJRVJE PS
UIBU PG UIF HBT $POTJEFSJOH BO BSCJUSBSZ QPJOU x, y JO TQBDF UIF
DPOUSJCVUJPO PG UIJT QPJOU UP UIF JOUFHSBM JT [FSP JG UIF ïVJE IBT OPU
DIBOHFE GSPN UJNF 0 UP UJNF t  8F NBZ UIVT EFîOF UXP [POFT
XIJDI DPOUSJCVUF UP UIJT WBSJBUJPO PG FOFSHZ [POF 1 XIFSF HBT IBT
SFQMBDFE UIF MJRVJE BOE [POF 2 XIFSF MJRVJE IBT SFQMBDFE UIF HBT








XIJDI XF DBO SFXSJUF










)= g (ρMJR−ρHBT)Ah 	

Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
XIFSF A JT UIF TVSGBDF PG UIF [POFT 	UIF UXP TVSGBDFT BSF FRVBM EVF
UP DPOTFSWBUJPO PG WPMVNF
 BOE h1 BOE h2 BSF UIF BMUJUVEFT PG UIF
DFOUFS PG NBTT PG [POF  BOE  ͳJT MBTU FYQSFTTJPO TIPXT UIBU
h = h2−h1 JT B NFBTVSF PG UIF XBWF IFJHIU SFMFWBOU JO UFSNT PG UIF
QPUFOUJBM FOFSHZ SFMBUFE UP HSBWJUZ ͳJT JT UIF NFBTVSF UIBU XF XJMM
VTF UP UFTU PVS UIFPSZ GPS UIF QMBUFBV JOEVDFE CZ HSBWJUZ
/VNFSJDBM &YQFSJNFOUT
ͳF UPPM PG FYQFSJNFOUBUJPO JT OVNFSJDBM TJNVMBUJPOT PG UIF
/BWJFS4UPLFT FRVBUJPOT GPS B TZTUFN PG UXP JOUFSBDUJOH ïVJET
.FNPSZ BOE DPNQVUBUJPO UJNF MJNJUBUJPOT JNQPTF NPEFSBUF WBM
VFT PG UIF 3FZOPMET 8FCFS BOE δ 8F IBWF DIPTFOU2/g BOEU/g
BT SFGFSFODF MFOHUI BOE UJNF BOE UP WBSZ UIF EFOTJUZ SBUJP r XIJMF
LFFQJOH UIF 3FZOPMET BOE 8FCFS îYFE "MTP UIF WBMVF PG UIF JOJ
UJBM NJYJOH MBZFS UIJDLOFTT JT HJWFO JO QSPQPSUJPO PG UIF QSFEJDUFE
NBYJNVN XBWF TJ[F
8F VTF UIF PQFO TPVSDF TPGUXBSF (FSSJT 'MPX 4PMWFS <> UP QFS
GPSN OVNFSJDBM TJNVMBUJPOT 4J[FT BSF NBEF OPOEJNFOTJPOBM VTJOH
UIF SFGFSFODF TJ[FU2/g BOE UJNFT XJUIU/g  UIJT JT FRVJWBMFOU UP
UBLJOHU = g = 1 JO PVS TJNVMBUJPOT *O QSFMJNJOBSZ DPNQVUBUJPOT
JU XBT GPVOE UIBU UIF UPQ PG UIF MJRVJE XBWF SFBDIFT BQQSPYJNBUFMZ
UIF IFJHIU LBQFY = 0.7rU2/g JO UJNF TBQFY = 5$rU/g  TP XF TFU
UIF QBSBNFUFST JO QSPQPSUJPO UP UIFTF SFGFSFODFT ͳF CPY IFJHIU
JT 8LBQFY UP BWPJE DPOîOFNFOU GSPN UIF CPVOEBSZ DPOEJUJPOT
XIJMF SFUBJOJOH UIF SFTPMVUJPO PG UIF XBWF XIFO JU SFBDIFT JUT
QMBUFBV ͳF CPY JT GPVS UJNF MPOHFS UIBO IJHI ͳF JOJUJBM TIFBS
MBZFS UIJDLOFTT δ JT TFU UP LBQFY/20 ͳF WJTDPVT MBX PG EJëVTJPO
PG UIF FSSPS GVODUJPO WFMPDJUZ QSPîMF JT FSG(y/2ν(t − t0)) XJUI ν UIF
LJOFNBUJD WJTDPTJUZ PG FBDI ïVJE ͳF WJTDPTJUZ JT TFU JO FBDI ïVJE
TVDI UIBU UIF NJYJOH MBZFS UIJDLOFTT JT NVMUJQMJFE CZ 3 CZ WJTDPVT
HSPXUI BU UJNF TBQFY
ν= 4δ2/TBQFY
ͳJT DIPJDF PG WJTDPTJUZ HJWFT B 3FZOPMET CBTFE PO δ BOE QSPQPS
UJPOBM UP 1$r  UIVT ≈ 110 GPS r = 0.1 BOE ≈ 360 GPS r = 0.01 ͳF
3FZOPMET CBTFE PO LBQFY JT UXFOUZ UJNFT UIFTF WBMVFT 2200 BOE
7200 4VSGBDF UFOTJPO σ JT DIPTFO TVDI UIBU UIF 8FCFS OVNCFS
We = ρHBTU2LBQFY/σ JT 500
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
ͳF TPGUXBSF BëPSET BEBQUJWF HSJE SFîOFNFOU CBTFE PO WPS
UJDJUZ BOE JOUFSGBDF DVSWBUVSF )FSF UIF TNBMMFTU NFTI TJ[F JT 2−10
UJNFT UIF CPY IFJHIU BNPVOUJOH UP 128NFTI DFMMT JO UIF XBWF
IFJHIU LBQFY
ͳF JOJUJBM DPOEJUJPO JT B QBSBMMFM NJYJOH MBZFS TBUJTGZJOH UIF





1+r (FSG(y/δ)+ r ), y > 0
r
1+r (FSG(y/δ)+1), y < 0.
ͳJT WFMPDJUZ îFME JT JOJUJBMMZ EJTUVSCFE CZ B MPDBM WFSUJDBM BDDFMFSB
UJPO
f (x, y, t )= κφ(t )F(−(x/1)2−(y/1)2)
XJUI JUT BNQMJUVEF RVJDLMZ GBEJOH
φ(t )=
{
DPT(pit/2tTUPQ) t < tTUPQ
0, t > tTUPQ.
8F UPPL 1 = δ B GPSDJOH QBUDI PG UIF TJ[F PG UIF NJYJOH MBZFS BOE
tTUPQ = TBQFY/100 ͳF BNQMJUVEF PG UIF GPSDJOH JT κ= 0.1/tTUPQ
3FTVMUT
ͳF FWPMVUJPO PG UIF XBWF JOUFSGBDF JT TIPXO JO îH  GPS GPVS
TVDDFTTJWF UJNFT ͳF îSTU POF JT TBQFY/10 XIFSF XF DBO TFF UIF
TUBSU PG UIF XBWF BT UIF SFTVMU PG UIF JOJUJBM MPDBMJ[FE JNQVMTF ͳF
XBWF IBT OPU UBLFO ZFU JUT PXO EJTUJODUJWF TIBQF ͳJT JT B UJNF
PG UIF JOJUJBM USBOTJFOU XIFSF UIF DBVTF PG UIF XBWF JT OPU ZFU
GPSHPUUFO ͳF TFDPOE JOUFSGBDF DPSSFTQPOET UP TBQFY/2 IBMG XBZ
PO UIF HSPXUI PG UIF XBWF UP SFBDIJOH JUT QFBL IFJHIU "MSFBEZ BU
UIJT UJNF XF DBO PCTFSWF UIF ïBQQJOH PG UIF XBWFT UPOHVF BOE
TIFEEJOH PG B MJRVJE îMN "U t = TBQFY UIF XBWF IBT SFBDIFE JUT
NBYJNVN IFJHIU XJUI B WBMVF DPSSFTQPOEJOH BQQSPYJNBUFMZ UP
LBQFY = 0.7rU2/g  NBUFSJBMJ[FE PO UIF GPVS HSBQIT BT B IPSJ[POUBM
EBTIFE MJOF "U UIJT UJNF PG MBSHFTU TJ[F XF TFF UIBU UIFSF IBT
BMSFBEZ CFFO B TUSPOH BDUJWJUZ PG TIFEEJOH MJRVJE îMNT BOE ESPQT
TPNF PG XIJDI IBWF GSFFGBMMFO EPXO UP UIF PSJHJOBM JOUFSGBDF
IFJHIU ͳF MBTU EJTQMBZFE JOUFSGBDF QPTJUJPO DPSSFTQPOET UP t =
1.5TBQFY BGUFS SFBDIJOH JUT NBYJNVN TJ[F UIF XBWF DPMMBQTFT
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  1PTJUJPO PG UIF
JOUFSGBDF GSPN OVNFSJDBM
TJNVMBUJPOT BU GPVS JOTUBOUT
PG UJNF BOE GPS GPVS WBMVFT
PG UIF EFOTJUZ SBUJP 3FMBUJWF
TJ[FT BSF TDBMFE TVDI BT UP
FNQIBTJ[F UIF UIFPSFUJDBM
QSFEJDUJPOͳF QPTJUJPOT PG
UIF DFOUFS PG NBTT PG [POFT
 BOE  BU UJNF TBQFY BSF
ESBXO BT SFE EPUT 	'SPN
<>

QSPHSFTTJWFMZ MPTJOH JUT JNQFUVT JOUP BO JOUSJDBUF PSHBOJ[BUJPO PG
WPSUJDFT BOE ESPQT
ͳF HSBQIT GPS UIF GPVS WBMVFT PG UIF EFOTJUZ SBUJP r BSF EJT
QMBZFE TDBMFE TVDI BT UP FNQIBTJ[F UIF UIFPSFUJDBM TDBMJOH MBX 8F
DBO PCTFSWF UIBU UIF TIBQF BOE CFIBWJPS EPFT OPU DIBOHF TJHOJG
JDBOUMZ PODF QSPQFSMZ TDBMFE BU MFBTU GPS UIF WBMVFT PG r XIJDI XF
XFSF BCMF UP TJNVMBUF ͳF NPTU TJHOJîDBOU EJëFSFODF DPNFT GSPN
UIF CFIBWJPS PG TIFE ESPQT EPXOTUSFBN PG UIF XBWF *OEFFE UIF
QSFTFOU DIPJDF PG UIF 8FCFS OVNCFS CBTFE PO UIF HBT TQFFEU
EPFT OPU BDDPVOU GPS UIF GBDU UIBU UIF XBWF IBT B TMPXFS TQFFE BT r
JT MPXFSFE ͳVT UIF TIFBSJOH QPXFS PG UIF GSFFTUSFBN VQPO UIF
UFOTFE JOUFSGBDF JT MBSHFS GPS UIF MPXFS HBT EFOTJUJFT ͳF TFDPOE
SFBTPO GPS EJëFSFODF JO UIF ESPQ CFIBWJPS DPNFT GSPN UIF GBDU
UIBU PODF UIF ESPQT IBWF MFGU UIF MJRVJE XBWF UIFZ BSF BEWFDUFE BU
UIF GSFFTUSFBN WFMPDJUZ XIJMF GSFFGBMMJOH XJUI MJUUMF PS OP JOïV
FODF GSPN UIF EFOTJUZ SBUJP
ͳF FëFDU PG UIF EFOTJUZ SBUJP PO UIF XBWF IFJHIU JT EJTQMBZFE
JO îH  ͳF TJ[F PG UIF XBWF JT RVBOUJîFE VTJOH UIF NFBTVSF
JOTQJSFE GSPN UIF WBSJBUJPO PG UIF HSBWJUZ QPUFOUJBM FOFSHZ h
-PPLJOH BU UIF JOJUJBM HSPXUI PG UIF XBWF IFJHIU XF XPVME IBWF
FYQFDUFE JOJUJBMMZ EJëFSFOU TMPQFT JO BHSFFNFOU XJUI UIF BMHFCSBJD
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
MBX GPS UIF TFMGTJNJMBS HSPXUI BT TIPXO PO îH  ͳJT JT OPU
PCTFSWFE IFSF TJODF XJUI UIF QSFTFOU DIPJDF PG QBSBNFUFST EVF
UP NFTI TJ[F MJNJUBUJPOT UIF XBWF VOGPSUVOBUFMZ EPFT OPU IBWF
UJNF UP SFBMJ[F JUT TFMGTJNJMBS SFHJNF CFGPSF SFBDIJOH UIF TJ[F BU
XIJDI WPMVNF GPSDFT TUBSU UP BDU "GUFS UIJT JOJUJBM HSPXUI UIF
IFJHIU TIPXT B QFBL BOE TVCTFRVFOU EFDBZ BT FYQFDUFE GSPN UIF
QSPHSFTTJWF DPMMBQTF TFFO JO îH  BGUFS UIF BQFY ͳF TJNVMBUJPO
QFSGPSNFE GPS UIF TNBMMFTU WBMVF PG UIF EFOTJUZ SBUJP r = 0.01
B HBT IVOESFE UJNFT MJHIUFS UIBO UIF MJRVJE DPVME OPU DPNQMFUF
UP UJNF TBQFY BOE EPFT OPU TIPX UIF QFBL ͳF DPNQVUBUJPO JT
DIBSBDUFSJ[FE CZ BO JODSFBTJOH EJðDVMUZ BT UIF UIF ïVJET IBWF
TUSPOHMZ EJëFSFOU QIZTJDBM QSPQFSUJFT
ͳF UFTU PG UIF NPEFM GPS UIF XBWF HSPXUI JT TIPXO JO îH
C
 UIF TDBMJOH PG UIF UJNF BT





ZJFMET B HBUIFSJOH PG UIF UJNF FWPMVUJPO PG UIF XBWF IFJHIU GPS UIF
îWF WBMVFT PG UIF EFOTJUZ SBUJP TIPXJOH B DPPSEJOBUFE CFIBWJPS
PG UIF QIZTJDBM TZTUFN BT UIF EFOTJUZ PG UIF HBT JT QSPHSFTTJWFMZ
MPXFSFE ͳF QMBUFBV WBMVF GPS h′ JT BCPVU 0.45 BOE UIF QFBL JT
PCTFSWFE BU B UJNF t ′ PG BCPVU 5
 4JOHMFXBWF ,FMWJO)FMNIPMU[ JOǃBCJMJǋ JO DIBO
OFM GMPX
$POUSBSZ UP UIF QSFWJPVT TFDUJPO JO XIJDI XF IBWF TUVEJFE UIF
FWPMVUJPO PG BO JTPMBUFE ,) XBWF QSPEVDFE CZ B MPDBMJ[FE JN
QVMTF GPSDF IFSF B NPSF QIZTJDBM TJUVBUJPO JT DPOTJEFSFE ͳF
DPOîHVSBUJPO QSFTFOUFE SFGFST UP BO JOJUJBMMZ TUSBUJîFE UXPQIBTF
HBTMJRVJE ïPX DPOîOFE JO BO IPSJ[POUBM DIBOOFM ͳJT LJOE PG
ïPX IBT KVTU CFFO BOBMZ[FE UIFPSFUJDBMMZ GSPN UIF QPJOU PG WJFX
PG UIF MJOFBS UIFPSZ PG UFNQPSBM OPSNBM NPEFT JO UIF QBQFS PG 'V
OBEB BOE +PTFQI <> PO UIF HSPVOE PG WJTDPVTQPUFOUJBM UIFPSZ
ͳFZ PCUBJOFE BO FYQMJDJU EJTQFSTJPO SFMBUJPO JODMVEJOH UIF FëFDUT
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  &ëFDU PG UIF
EFOTJUZ SBUJP PO UIF FWP
MVUJPO PG UIF IFJHIU PG UIF
XBWF *OTFU IFJHIU BOE
UJNF BSF TDBMFE XJUI UIFJS
UIFPSFUJDBM WBMVFT GPS UIF
QMBUFBV 	'SPN <>

PG TVSGBDF UFOTJPO BOE WJTDPTJUZ 	XIJDI JT UBLFO JOUP BDDPVOU JO
UIF OPSNBM TUSFTT CPVOEBSZ DPOEJUJPO POMZ
 'VOBEB BOE +PTFQI
<> EFSJWFE GPSNVMBT GPS UIF HSPXUI SBUF BOE UIF XBWF TQFFE BOE
FNQMPZFE OFVUSBM TUBCJMJUZ DVSWFT JO PSEFS UP DPNQBSF UIFJS îOE
JOHT UP FYQFSJNFOUBM EBUB SFGFSSJOH UP BJSXBUFS ïPXT *O HFOFSBM
UIF DSJUJDBM WBMVF PG WFMPDJUZ PG TUSBUJîFE ,) JOTUBCJMJUZ BQQFBST
UP CF XFMM QSFEJDUFE XIFO UIF MJRVJE MBZFS JT UIJO PUIFSXJTF JU JT
PWFSQSFEJDUFE ͳF NBKPS SFBTPO PG UIF EJTBHSFFNFOU CFUXFFO
UIFPSZ BOE FYQFSJNFOUT JT UIBU OPOMJOFBS FëFDUT QMBZ B NBKPS JO
ïVFODF JO UIF QSPDFTT PG USBOTJUJPO GSPN TUSBUJîFE UP TMVH ïPX
BOE UIFSFGPSF UIF îOJUFBNQMJUVEF PG UIF JOTUBCJMJUZ XBWF IBT UP CF
UBLFO JOUP BDDPVOU TUBSUJOH GSPN UIF FBSMZ JOTUBOUT "T PCTFSWFE
CZ 7BSHB FU BM <> UIF USFBUNFOU PG UIF JOUFSGBDF BT BO JOîOJUFMZ
UIJO NJYJOH MBZFS 	EJTDPOUJOVPVT JOUFSGBDF
 ZJFMET XBWFMFOHUIT
XIJDI BSF JODPOHSVPVT XJUI UIF FYQFSJNFOUBM NFBTVSFNFOUT ͳF
JODPOTJTUFODZ MJFT JO UIF GBDU UIBU JO QSBDUJDBM EFWJDFT UIF TIFBS CF
UXFFO QBSBMMFM ïPXJOH TUSFBNT JT QSPEVDFE CZ NFSHJOH UIFN GSPN
TFQBSBUF DIBOOFMT EJWJEFE CZ B SJHJE CPVOEBSZ ͳJT MFBET UP UIF
GPSNBUJPO PG B NJYJOH MBZFS IBWJOH B DPOUJOVPVT WFMPDJUZ QSPîMF
IFODF JOUSPEVDJOH B îOJUF MFOHUI TDBMF
" NBKPS EJëFSFODF GSPN UIF UIFPSFUJDBM XPSL PG <> JT UIBU
XIJMF UIFZ DPOTJEFSFE B QBSBMMFM ïPX DPOîHVSBUJPO XJUI QMVH
WFMPDJUZ QSPîMF JO CPUI UIF ïVJET IFSF UIF ïPX JT TQBUJBMMZ EFWFM
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
PQJOH TUBSUJOH GSPN B QMVHQMVH QSPîMF BU UIF DIBOOFM FOUSBODF *O
PUIFS UFSNT B QIZTJDBM TJUVBUJPO BOBMPHPVT UP UIBU EJTDVTTFE JO UIF
FYQFSJNFOUBM JOWFTUJHBUJPO PG B SPVOE MJRVJE KFU CZ <> JT OVNFS
JDBMMZ BOBMZ[FE ͳF TVEEFO DIBOHF PG JOUFSGBDF CPVOEBSZ DPOEJ
UJPO QSPEVDFT UIF TIFBS ïPX EFWFMPQNFOU BOE UIF FNFSHFODF PG
B SFMBUFE îOJUFBNQMJUVEF ,) TJOHMF XBWF XIPTF GPSNBUJPO BOE
CSFBLVQ BSF TUVEJFE JO EFUBJM
.PEFM
" UXPQIBTF ïPX XJUIJO B QMBOF UXPEJNFOTJPOBM DIBOOFM PG
IFJHIU H BOE MFOHUI L JT BOBMZ[FE CZ DPOTJEFSJOH JODPNQSFTTJCMF
JNNJTDJCMF BOE OFXUPOJBO ïPX SFHJNFT "U UIF EPNBJO FOUSBODF
CPVOEBSZ 	MFGU TJEF
 XIFSF UIF QMVH WFMPDJUJFT PG MJRVJE BOE HBT
QIBTFT BSF EFOPUFE CZUl BOEUg  SFTQFDUJWFMZ UIF MJRVJE PD
DVQJFT UIF SFHJPO 0 < y < hl  XIJMF UIF HBT JT XJUIJO UIF SFHJPO
hl < y < H  %FOTJUZ BOE WJTDPTJUZ PG MJRVJE BOE HBT BSF EFOPUFE CZ
ρl BOE µl BOE CZ ρg BOE µg  SFTQFDUJWFMZ ͳF OPOEJNFOTJPOBM
QBSBNFUFST HPWFSOJOH UIF QSPCMFN BSF 3FZOPMET BOE 8FCFS OVN






	XIFSF σ JT UIF HBTMJRVJE TVSGBDF UFOTJPO BOE hg JT UIF IFJHIU
PG UIF HBT SFHJPO
 UIF HBT GSBDUJPO α = hg /H BOE EFOTJUZ BOE
WJTDPTJUZ SBUJPT r = ρg /ρl BOEm = µg /µl  "T BO BEEJUJPOBM
JOEFQFOEFOU QBSBNFUFS POF DBO DPOTJEFS UIF 3FZOPMET OVNCFS
CBTFE PO MJRVJE QIBTF PS UIF WFMPDJUZ EJëFSFODF ∆U =Ug −Ul 
" TLFUDI PG UIF QSPCMFN JT TIPXO JO îH  XIFSF UIF QIZTJDBM
EJNFOTJPOT PG UIF DIBOOFM DPOTJEFSFE JO UIF QSFTFOU JOWFTUJHBUJPO
BSF BMTP SFQPSUFE /PTMJQ CPVOEBSZ DPOEJUJPOT BSF FOGPSDFE BU UIF
DIBOOFM XBMMT y = 0 BOE y =H 
/VNFSJDBM FYQFSJNFOUT
"MTP JO UIJT DBTF UIF UPPM PG OVNFSJDBM FYQFSJNFOUBUJPO JT UIF
OVNFSJDBM TJNVMBUJPO PG /BWJFS4UPLFT FRVBUJPOT GPS B TZTUFN PG
UXP ïVJET ͳF DPEF VTFE JT UIF QMBOF UXPEJNFOTJPOBM WFSTJPO PG
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
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HBT BOE MJRVJE QIBTFT IBWF
B QMVHWFMPDJUZ QSPîMF
BU DIBOOFM FOUSBODF BOE




BO BE IPD JOIPVTF EFSJWFE WFSTJPO PG UIF QPQVMBS QVCMJDEPNBJO
463'&3 DPEF
"MM UIF DPNQVUBUJPOT TUBSU BTTVNJOH BT JOJUJBM DPOEJUJPO QMVH
WFMPDJUZ QSPîMFT JO UIF HBT BOE MJRVJE QIBTFT TFQBSBUFE CZ BO
VOEJTUVSCFE QMBOF JOUFSGBDF XIPTF MPDBUJPO JT EFîOFE CZ UIF HBT
GSBDUJPO α "MM PWFS UIF îFME UIF JOJUJBM QSFTTVSF JT FRVBM UP UIF
BUNPTQIFSJD WBMVF PG 101.3 L1B XIJDI JT VTFE BMTP BT DPOTUBOU
PVUMFU QSFTTVSF
ͳF SFTVMUT IFSFBGUFS QSFTFOUFE SFGFS UP α = 0.5 r = 0.1m =
0.018 ͳF QIZTJDBM EPNBJO JT B DIBOOFM IBWJOH MFOHUI L = 5×
10−2 N BOE IFJHIU H = 2.5×10−2 N ͳF JOïVFODF PG UIF TVSGBDF
UFOTJPO XBT BMTP JOWFTUJHBUFE CZ WBSZJOH UIF 8FCFS OVNCFS JO
UIF SBOHF GSPN∞ UP 1×102 XIJMTU HBT 3FZOPMET OVNCFS JT LFQU
DPOTUBOU BOE FRVBM UP 5× 103 BOE MJRVJE 3FZOPMET OVNCFS JT
FRVBM UP 76.2 ͳFTF WBMVFT DPSSFTQPOE UP B WFMPDJUZ EJëFSFODF
∆U = 5.5NT *O NPTU DBTFT B VOJGPSN 800×400NFTI 	UIF MFOHUI
PG 1×10−2 N JT SFTPMWFE CZ 160 HSJE DFMMT
 XBT TVðDJFOU JO PSEFS
UP PCUBJO DPOWFSHFOU SFTVMUT BT XFMM BT UP TJNVMBUF UIF WFSZ TNBMM
ESPQMFUT FNFSHJOH GSPN UIF îMN CSFBLVQ /VNFSJDBM BDDVSBDZ
PG UIF SFTVMUT XBT DBSFGVMMZ FTUJNBUFE BOE B HSJE JOEFQFOEFODF
TUVEZ XBT QFSGPSNFE SFGFSSJOH UP UIF CBTJD GFBUVSFT 	FH TQBDF
UJNF FWPMVUJPO BOE JOUFSGBDF TIBQF
 DIBSBDUFSJ[JOH UIF TJOHMF XBWF
EZOBNJDT
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą

























'JHVSF  /FVUSBM TUBCJMJUZ
DVSWFT GPS UIF TUVEJFE HBT
MJRVJE ïPX XJUI B EFOTJUZ
SBUJP r = 0.1 BOE B WJTDPTJUZ
SBUJPm = 0.018 ͳF DVSWFT
BSF PCUBJOFE DPOTJEFSJOH
B HBTGSBDUJPO α = 0.5
BOE UIF GPVS WBMVFT PG UIF





"T B QSFMJNJOBSZ DPOTJEFSBUJPO îH  TIPXT UIF OFVUSBM TUBCJMJUZ
DVSWFT DBMDVMBUFE VTJOH UIF WJTDPVT QPUFOUJBM ïPX BOBMZTJT FY
QMBJOFE JO <> BOE PCUBJOFE GPS α= 0.5 BOE GPVS EJëFSFOU 8FCFS
OVNCFST ∆V =Ug −Ul EFOPUFT UIF WFMPDJUZ EJëFSFODF CFUXFFO
UIF UXP QIBTFT BOE k JT UIF EJTUVSCBODF XBWFOVNCFS /PUF UIBU
XIFO UIF TVSGBDF UFOTJPO JT BCTFOU UIF ïPX JT VOTUBCMF GPS BMM
XBWFOVNCFST "T FYQFDUFE TVSGBDF UFOTJPO JOUSPEVDFT B TUBCJMJUZ
NBSHJO DMFBSMZ FWJEFOU BU UIF IJHIFS 8F OVNCFST XIFSFBT GPS
8F = 1× 102 UIF TUBCJMJUZ NBSHJO JT JOïVFODFE CZ WJTDPTJUZ *O
BOZ DBTF TJODF BMM UIF QSFTFOU ïPX DPOEJUJPOT SFGFS UP B WFMPDJUZ
EJëFSFODF ∆V = 5.5NT UIF ïPX JT FYQFDUFE UP CF VOTUBCMF UP BOZ
JOîOJUFTJNBM TNBMM EJTUVSCBODFT )PXFWFS UIF ïPX DPOîHVSBUJPO
BOBMZ[FE CZ <> JT QBSBMMFM XIFSFBT UIF QSFTFOU DBTF GFBUVSFT BO
JOUSJOTJD TQBUJBM EFWFMPQNFOU "T BMSFBEZ NFOUJPOFE JO UIF JOUSP
EVDUJPO UIJT MBTU PDDVSSFODF JT UZQJDBM PG QSBDUJDBM EFWJDFT XIFSF
UIF NJYJOH QSPEVDFT B DPOUJOVPVT WFMPDJUZ QSPîMF SFMBYBUJPO
UIBU JOUSPEVDFT JO JUT UVSO B îOJUF MFOHUI TDBMF )FODF OVNFSJDBM
DPNQVUBUJPOT IBWF CFFO DBSSJFE PVU UP TJNVMBUF UIF BQQSPQSJBUF
VOTUFBEZ GSFFJOUFSGBDF ïPX îFME
'JH  TIPXT UZQJDBM DPMPVS NBQT PG TQBUJBM EJTUSJCVUJPO PG
QSFTTVSF 	SFMBUJWF UP UIF BUNPTQIFSJD POF
 BU UIF GPVS 8FCFS OVN
CFST DPOTJEFSFE CFGPSF 	8F =∞ 1× 105 5× 103 1× 102) JO
PSEFS UP JMMVTUSBUF UIF TUBCJMJ[JOH FëFDU PG UIF TVSGBDF UFOTJPO ͳF
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
JOUFSGBDF TIBQF DMFBSMZ EFQJDUFE BU UIF TBNF FBSMZ UJNF JOTUBOU
PG t = 3×10−3T IJHIMJHIUT UIF JOJUJBM GPSNBUJPO PG B TJOHMF USBW
FMJOH XBWF XIJDI JT NVDI MFTT QSPOPVODFE BU UIF MPXFTU 8FCFS
OVNCFS *U JT FWJEFOU UIBU UIF FNFSHFODF PG UIF XBWF JT EVF UP
UIF OPOMJOFBS BNQMJîDBUJPO PG îOJUFBNQMJUVEF EJTUVSCBODFT QSP
EVDFE CZ UIF TVEEFO DIBOHF PG JOMFU CPVOEBSZ DPOEJUJPO *O NPSF
EFUBJM KVTU EPXOTUSFBN PG UIF DIBOOFM JOMFU NFSHJOH PG UIF UXP
JOUFSBDUJOH DVSSFOUT QSPEVDFT B TMPXEPXO PG UIF GBTUFS POF 	IFSF
UIF HBT
 BOE B TQFFEVQ PG UIF TMPXFS POF 	UIF MJRVJE
 "T B îSTU
DPOTFRVFODF JO PSEFS UP GVMîMM NBTT DPOUJOVJUZ SFRVJSFNFOU UIF
JOUFSGBDF IBT UP NPWF UPXBSET UIF MJRVJE UIVT DSFBUJOH B XBWF
WBMMFZ )PXFWFS UIF OPSNBM TUSFTT CBMBODF BTTPDJBUFE UP UIJT JO
UFSGBDF EJTQMBDFNFOU JT OPU JOJUJBMMZ TBUJTîFE BOE UIF JOUFSGBDF JT
QVTIFE UPXBSET UIF GBTUFS HBT UIVT DSFBUJOH UIF XBWF DSFTU ͳJT
NFDIBOJTN JT JOIFSFOUMZ OPOMJOFBS JO UIF TFOTF UIBU UIF DSFTU EF
UFSNJOFT B MPDBM EFQSFTTJPO JO UIF HBT ïPXJOH PWFS JU 	BT DBO CF
QSFEJDUFE CZ NFBOT PG UIF JOWJTDJE UIFPSZ PG TNBMM EJTUVSCBODFT

XIJDI JT USBOTNJUUFE UP UIF MJRVJE "T B îOBM DPOTFRVFODF MJRVJE JT
TVDLFE JOUP UIF DSFTU HJWJOH SJTF UP UIF OPOMJOFBS BNQMJîDBUJPO PD
DVSSFODF ͳF TUBOEBSE ,) NFDIBOJTN HFOFSBUJOH B XBWF USBJO
JT EJëFSFOU CFDBVTF UIF ïPX SFNBJOT QBSBMMFM BOE UIF JOUFSGBDF
QFSUVSCBUJPO EPFT OPU JOGFS B TVDUJPO NFDIBOJTN *O GBDU BT XJMM
CF EJTDVTTFE MBUFS PO UIF QSPQBHBUJPO WFMPDJUZ PG UIF TJOHMF XBWF
NBZ CF FWBMVBUFE CZ UIF FRVJMJCSJVN PG UIF UPUBM QSFTTVSF BU UIF
TUBHOBUJPO QPJOU MPDBUFE PO UIF JOUFSGBDF XIFSFBT UIF WFMPDJUZ PG
UIF USBWFMJOH XBWFT PG UIF DMBTTJDBM ,) DPNFT PVU KVTU GSPN UIF
NBTT DPOUJOVJUZ SFRVJSFNFOU
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'JHVSF  $PMPS NBQT PG
SFMBUJWF QSFTTVSF NFBTVSFE
JO 1BTDBM GPS WBSJPVT
8FCFS OVNCFST BU UIF UJNF
t = 3×10−3T 	'SPN <>
"T NBZ CF BQQSFDJBUFE CZ MPPLJOH BU îH  SFGFSSJOH UP t =
8×10−3 T MBUFS PO TVDI B XBWF QSPQBHBUFT EPXOTUSFBN UPXBSET
UIF OPU ZFU QIZTJDBMMZ QFSUVSCFE JOUFSGBDF /PUF BMTP UIBU JUT FOE
SJN CSFBLTVQ GPSNJOH B DFSUBJO OVNCFS PG TNBMM ESPQMFUT ͳF
NBQT SFQPSUFE JO îHT  BOE  BSF SFNJOJTDFOU PG UIF TDFOBSJP
JMMVTUSBUFE CZ UIF FYQFSJNFOUBM îOEJOHT PG <> XIP QSPQPTFE
UIBU UIF ESPQMFUT BSF QSPEVDFE CZ B TFDPOEBSZ 3BZMFJHI5BZMPS
JOTUBCJMJUZ PSJHJOBUJOH PO UIF XBWF DSFTUT HFOFSBUFE CZ B QSJNBSZ
îOJUFBNQMJUVEF ,) JOTUBCJMJUZ
ͳF DPMPS NBQT SFQPSUFE EFQJDU DMFBSMZ FTQFDJBMMZ GPS UIF IJHIFS
UJNF JOTUBOU 	îH 
 RVBTJQFSJPEJD DPSSVHBUJPOT PG UIF JOUFSGBDF
XIJDI BQQFBS JO UIF SFHJPO OPU ZFU SFBDIFE CZ UIF TJOHMFXBWF
ͳF QSFTFODF PG TVDI QFSUVSCBUJPOT XJMM CF EJTDVTTFE MBUFS JO
DPOOFDUJPO XJUI UIF FNFSHFODF PG OVNFSJDBM FSSPST MFBEJOH UP UIF
GPSNBUJPO PG TQVSJPVT ïPXT PG SFMBUJWFMZ TNBMM NBHOJUVEF BMSFBEZ
NFOUJPOFE BCPWF
*O SFHBSET UP UIF CBTJD DIBSBDUFSJTUJDT PG UIF TJOHMFXBWF JU JT
GPVOE UIBU JUT QSPQBHBUJPO WFMPDJUZUw  JT DPOTUBOU XIFO WBSZ
JOH UIF 8FCFS OVNCFS *U JT QPTTJCMF UP FTUJNBUF UIJT WFMPDJUZ CZ
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  $PMPS NBQT PG
SFMBUJWF QSFTTVSF NFBTVSFE
JO 1BTDBM GPS WBSJPVT
8FCFS OVNCFST BU UIF UJNF
t = 8×10−3T 	'SPN <>

NFBOT PG B TJNQMF NPEFM 0O UIF HSPVOE PG UIF QSFTTVSF DPMPS
NBQ EFQJDUFE JO îH  XIFSF UIF TUSFBNMJOFT BSF SFQPSUFE JO B
SFGFSFODF GSBNF UIBU NPWFT XJUI UIF XBWF UIF CBMBODF PG GPSDFT
OPSNBM UP UIF JOUFSGBDF DBO CF XSJUUFO
Pg + 12ρg (Ug −Uw )
2 = Pl + 12ρl (Ul −Uw )
2 	

XIFSF Pg BOE Pl BSF UIF HBT BOE UIF MJRVJETJEF QSFTTVSF SFTQFD
UJWFMZ
'JHVSF  $PMPS NBQ PG
SFMBUJWF QSFTTVSF NFBTVSFE
JO 1BTDBM BOE TUSFBNMJOFT
GPS 8F=∞ BU t = 1×10−4T
	'SPN <>

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
#Z BTTVNJOHUl <Uw <Ug BOE CZ JNQPTJOH MPDBM OPSNBM
TUSFTT CBMBODF Pg = Pl 	UIF FëFDU PG UIF TVSGBDF UFOTJPO DBO CF
OFHMFDUFE CFDBVTF UIF DVSWBUVSF JT OFBSMZ OVMM BU UIF TUBHOBUJPO









ͳVT B WBMVBCMF SFGFSFODF WFMPDJUZ DPJODJEFT XJUI UIF TP DBMMFE
%JNPUBLJT TQFFE JF UIF WFMPDJUZ PG B HFOFSJD WPSUFY BQQFBSJOH JO
UIF UXPEJNFOTJPOBM GVMMZ EFWFMPQFE NJYJOH MBZFS PG UXP DVSSFOUT
ïPXJOH XJUI EJëFSFOU WFMPDJUJFT <> 'PS UIF QSFTFOU WBMVFT PG
Ul = 0.5NT BOEUg = 6NT BOE r = 0.1 JU JTUw = 1.8NT ͳJT
WBMVF JT WFSZ DMPTF UP UIF WFMPDJUZ PCTFSWFE GPS UIF OVNFSJDBMMZ
DPNQVUFE TJOHMF XBWF BU FBSMZ UJNFT NFBTVSFE CZ GPMMPXJOH JO
UJNF UIF NPWFNFOU PG UIF îSTU QPJOU PG JOUFSTFDUJPO CFUXFFO UIF
XBWF BOE UIF QPTJUJPO PG UIF VOQFSUVSCFE JOUFSGBDF 	QPJOU " JO îH

 ͳF NFBO WBMVF PG UIJT WFMPDJUZ DBMDVMBUFE GPS t ≤ 5×10−3 T
JT 1.9NT "U MBUFS UJNF JOTUBOUT XF PCTFSWFE UIBU UIF TJOHMF
XBWF BDDFMFSBUFT BOE UIF %JNPUBLJT WFMPDJUZ VOEFSFTUJNBUFT UIF
QSPQBHBUJPO WFMPDJUZ " SFQSFTFOUBUJPO PG UIF NPWFNFOU PG UIF
SFGFSFODF QPJOU " GPS UIF XBWF JT SFQPSUFE JO îH  *OEFFE UIF
WFSZ DSVEF NPEFM FNQMPZFE JO PSEFS UP FTUJNBUF UIF XBWF WFMPDJUZ
DBO CF BQQMJFE KVTU UP FBSMZ JOTUBOUT XIFO UIF TIBQF PG UIF XBWF
JT iCVNQMJLFw "GUFSXBSET XIFO OPOMJOFBS FëFDUT GVMMZ SVMF BOE
UIF XBWF JOUFSGBDF BTTVNFT UIF UZQJDBM CMVOU TIBQF EFQJDUFE JO UIF
GSBNFT SFQPSUFE JO îH  TFQBSBUJPO PG UIF HBT TUSFBN QBTU UIF
XBWF SFOEFST SFBTPOBCMF UIF QSFEJDUJPO PG BO BDDFMFSBUJPO
ͳF QSFTFOU SFTVMUT CSPBEFO UIF BOBMZTJT PG )QëOFS FU BM <>
îSTU PG BMM CFDBVTF JO UIF DJUFE QBQFS UIF XBWF JT QSPEVDFE CZ BO
JNQVMTF GPSDF OPSNBM UP UIF JOUFSGBDF XIJMTU IFSF JU JT HFOFSBUFE
CZ UIF TVEEFO DIBOHF PG JOMFU CPVOEBSZ DPOEJUJPO GVSUIFSNPSF
UIF )QëOFST NPEFM JT TFMGTJNJMBS BOE UIF XBWF QSPQBHBUJPO
WFMPDJUZ JT DPOTUBOU XIFSFBT XF PCTFSWFE B XBWF BDDFMFSBUJPO *O
UIF QSFTFOU DPOUFTU UIF VTF PG UIF %JNPUBLJT GPSNVMB JT QSPWFE BT
XFMM
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 

















EJBHSBN PG UIF QPTJUJPO PG
QPJOU " PG îH  JO XIJDI
UIF %JNPUBLJT GPSNVMB
	SFE MJOF
 JT DPNQBSFE UP





*O TFDUJPO 1.1 UIF UIFPSZ GPS B TFMGTJNJMBS CFIBWJPS PG UIF ,)
JOTUBCJMJUZ IBT CFFO FYUFOEFE UP UIF DBTF XIFSF HSBWJUZ JT QSFTFOU
BOE B NPEFM GPS B OPOMJOFBS XBWF PG HSBWJUZ BOE XJOE IBT CFFO
FMBCPSBUFE ͳJT XBWF JOJUJBMMZ HSPXT VOUJM SFBDIJOH B TJ[F BU XIJDI
UIF IZESPTUBUJD QSFTTVSF ESPQ CBMBODFT UIF BFSPEZOBNJD QSFTTVSF
ESPQ "U UIJT UJNF TBQFY B QSPHSFTTJWF DPMMBQTF GPMMPXT UIF BQFY
PG UIF HSPXUI QSFWFOUJOH UIF FNFSHFODF PG B EJTTJQBUJWF TPMJUPO
UIBU UIF JEFBMJ[FE NPEFM 	
 IBE MFGU VT UP IPQF GPS ͳF NPEFM
OFWFSUIFMFTT QSPWJEFT JOTJHIU JOUP UIF HSPXUI QSPDFTT JUTFMG TJODF
UIF EBUB GPS WBSZJOH EFOTJUZ SBUJP JT SFBTPOBCMZ HBUIFSFE CZ UIF
TDBMJOH PG UJNF BT UIF TRVBSF SPPU PG UIF EFOTJUZ SBUJP BOE IFJHIU BT
UIF EFOTJUZ SBUJP JO îH 
ͳF TUSVDUVSF EFTDSJCFE DBO CF JEFOUJîFE XJUI QBSUJDVMBS TFB
XBWFT HFOFSBUFE CZ XJOE JO PUIFS XPSET XF IBWF TUVEJFE UIF
FNFSHFODF BOE UIF FWPMVUJPO PG WFSZ TNBMM XBWFT SFTFNCMJOH NPSF
UP UIF QSPDFTT PG UIF BUPNJ[BUJPO CFJOH OP EBOHFS GPS UIF TBJMPST
CVU QMBZJOH BO JNQPSUBOU SPMF CZ DSFBUJOH NVDI ESPQMFUT UIJT
XBWF JOEFFE FKFDUT NVDI PG JUT MJRVJE CPEZ JOUP BJSCPSOF ESPQMFUT
BT TIPXO JO îH 
*O TFDUJPO 1.2 B NPSF QIZTJDBM DPOîHVSBUJPO 	DPOTJEFSJOH UIF
FëFDUT PG CPUI WJTDPTJUZ BOE TVSGBDF UFOTJPO
 IBT CFFO BOBMZ[FE
BMXBZT CZ NFBOT PG OVNFSJDBM TJNVMBUJPOT CBTFE PO 70' UFDI
OJRVF UIF JOTUBCJMJUZ PG B TUSBUJîFE UXPQIBTF HBTMJRVJE ïPX JO B
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
UXPEJNFOTJPOBM DIBOOFM *O UIJT DBTF UIF FNFSHFODF PG UIF TJOHMF
,) XBWF JT EVF UP UIF TVEEFO DIBOHF PG CPVOEBSZ DPOEJUJPO BU
UIF DIBOOFM FOUSBODF GSPN UIF EJTDPOUJOVPVT QMVHQMVH WFMPDJUZ
QSPîMF UP UIF DPOUJOVPVT POF EVF UP UIF GPSNBUJPO PG B NJYJOH
MBZFS
ͳF QSPQBHBUJPO WFMPDJUZ PG UIF XBWF IBT CFFO OVNFSJDBMMZ
DIBSBDUFSJ[FE BOE JU IBT CFFO UIFPSFUJDBMMZ BOBMZTFE CZ B TJNQMF
QIZTJDBM NPEFM JO PSEFS UP IJHIMJHIU UIF EJëFSFODFT GSPN UIF
DMBTTJD ,) XBWF WFMPDJUZ SFQPSUFE CZ %SB[JO <>
ͳF FëFDUT PG UIF TVSGBDF UFOTJPO PO UIF FNFSHFODF PG UIF
TJOHMF XBWF XBT TUVEJFE CZ WBSZJOH UIF 8FCFS OVNCFS GSPN∞
UP 1× 102 .PSFPWFS JU XBT PCTFSWFE UIBU UIF TVSGBDF UFOTJPO JT
UIF DBVTF PG TNBMM OVNFSJDBM FSSPST UIF TQVSJPVT ïPXT JO UIF
SFHJPO EPXOTUSFBN PG UIF TJOHMF XBWF 4VDI TQVSJPVT DVSSFOUT
DBO CF TUSPOHMZ SFEVDFE PS FMJNJOBUFE CZ VTJOH NPSF BDDVSBUF
OVNFSJDBM NPEFMJOHT BT TIPXO CZ UIF SFTVMUT PCUBJOFE CZ NFBOT
PG (FSSJT DPEF îH  )PXFWFS (FSSJT TJNVMBUJPOT DPOîSN UIF
FNFSHFODF PG B XBWZ CFIBWJPVS PG UIF JOUFSGBDF EPXOTUSFBN PG UIF
NBJO TJOHMFXBWF 	JF UIF TUJMM VOQFSUVSCFE QBSU PG UIF JOUFSGBDF

XIJDI JO UIF QSFTFOU QSPCMFN JT QSPEVDFE CZ B ,) NFDIBOJTN
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  "U UIF UPQ
B GSBNF GSPN UIF (FSSJT
TJNVMBUJPO BOE BU UIF
CPUUPN B GSBNF GSPN PVS
TJNVMBUJPO GPS 8F= 1×105
$PMPSNBQT SFQSFTFOU
UIF WFMPDJUZ NBHOJUVEF
NFBTVSFE JO NT BU UIF
UJNF t = 8×10−3T 	'SPN
<>

/FHMFDUJOH UIF QSPCMFN PG TQVSJPVT ïPXT B iHSJE JOEFQFO
EFODFw TUVEZ EFNPOTUSBUFT UIBU UIF (FSSJT DPEF BOE PVS iJOIPVTF
DPEFw BSF JO BHSFFNFOU XJUI EFTDSJCJOH UIF CBTJD GFBUVSFT PG UIF
XBWF JF UIF XBWF TQFFE BOE JUT FWPMVUJPO JO UJNF *O îH
UIF TQBDFUJNF EJBHSBN PG UIF XBWF QPTJUJPO JT SFQPSUFE BT JU JT
DPNQVUFE CZ UIF UXP EJëFSFOU DPEFT FNQMPZFE BOE XJUI EJëFSFOU
HSJE SFîOFNFOUT ͳF UXP iJOIPVTF DPEFw FYFDVUJPOT EJTDSFUJ[F
UIF XIPMF EPNBJO CZ FNQMPZJOH HSJET DPOTUJUVUFE CZ 600× 300
BOE 800× 400 OPEFT UP XIJDI B NFTI TQBDJOH PG SFTQFDUJWFMZ
8.47×10−5 N BOE 6.35×10−5 N DPSSFTQPOET ͳF (FSSJT TJNV
MBUJPOT BSF DBSSJFE PVU XJUI UISFF EJëFSFOU MFWFMT PG NFTI SFîOF
NFOU OBNFMZ -FWFM 6 -FWFM 8 BOE -FWFM 9 DPSSFTQPOEJOH UP B
NJOJNVN NFTI TQBDJOH PG SFTQFDUJWFMZ 3.97×10−4 N 9.90×10−5
N BOE 4.90×10−5 N ͳF JOTFU QSFTFOUT B [PPN CFUXFFO UIF UJNF
JOTUBOUT 0.0060.008 T TIPXJOH B HPPE BHSFFNFOU CFUXFFO UIF
EJëFSFOU TJNVMBUJPOT XJUI B NBYJNVN EJTQFSTJPO PG DPNQVUFE
WBMVFT PG x(t ) FRVBMT UP BCPVU 2×10−4 N
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
































EJBHSBN PG UIF XBWF
QPTJUJPO DPNQVUFE CZ
UIF UXP EJëFSFOU DPEFT
FNQMPZFE XJUI EJëFSFOU
HSJE SFîOFNFOUT
*O SFHBSE UP UIF BUPNJ[BUJPO QSPCMFN UIF FWPMVUJPO PG UIJT
OPOMJOFBS XBWF JT JNQPSUBOU UP VOEFSTUBOE UIF NFDIBOJTN PG
ESPQMFUT GPSNBUJPO *U JT GBJS DMBSJGZJOH UIBU PG DPVSTF UIF DSF
BUJPO PG ESPQMFUT JT B UISFF EJNFOTJPOBM QIFOPNFOPO CVU UIF
,) QSJNBSZ JOTUBCJMJUZ PG B MJRVJE îMN VOEFS HSBWJUZ JT NBJOMZ
UXP EJNFOTJPOBM JO TIPSU UJNF .PSFPWFS UIF NBJO HPBM XBT POMZ
UP TUVEZ IPX UIJT JOTUBCJMJUZ MFBE UP UIF GPSNBUJPO PG B MPDBMJ[FE
XBWF XJUI B ïBQQJOH UPOHVF BU UIF UJQ ͳJT UPOHVF JT WFSZ GSBHJMF
XFBLMZ NBJOUBJOFE CZ TVSGBDF UFOTJPO BOE JU JT TUSFUDIFE CZ UIF BJS
ïPX BXBZ GSPN UIF CPEZ PG UIF XBWF BOE TIBLFO BOE CSPLFO CZ
UIF WPSUJDFT UIBU BSF TIFE QFSJPEJDBMMZ GSPN UIF MJRVJE PCTUBDMF
 -JOƺS NPEBM ǃBCJMJǋ PG WJTDPVT QƾOF ǊP
GMVJE 1PJTFVJMǜF GMPX
*O UIJT TFDUJPO XF SFWJTJU UIF DMBTTJDBM MJOFBS TUBCJMJUZ QSPCMFN
PG UXPïVJE 1PJTFVJMMF ïPX JO B QMBOBS DIBOOFM )ZESPEZOBNJD
TUBCJMJUZ PG B UIJO MBZFS PG MJRVJE CPVOEFE CZ B XBMM BOE TIFBSFE CZ
HBT QMBZT BO JNQPSUBOU SPMF JO NBOZ JOEVTUSJBM QSPDFTTFT TVDI BT
MVCSJDBUJPO TZTUFN BUPNJ[BUJPO QSPDFTT DPBUJOH UFDIOPMPHZ BOE
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
BWJBUJPO BQQMJDBUJPOT BT UIF EFJDJOH UFDIOPMPHZ
" QJPOFFSJOH BOBMZTJT PG UIF MJOFBS TUBCJMJUZ PG UXP TVQFSJN
QPTFE ïVJET PG EJëFSFOU WJTDPTJUJFT JO B DIBOOFM XBT QFSGPSNFE CZ
:JI <> XIP TIPXFE UIBU WJTDPTJUZ TUSBUJîDBUJPO DBO JOEVDF JOTUB
CJMJUZ JO QMBOF $PVFUUF1PJTFVJMMF ïPX ͳF GVSUIFS IVHF BNPVOU PG
MJUFSBUVSF PO UIF TUBCJMJUZ PG UXPQIBTF ïPX TIPXT UIBU UIJT UZQF PG
ïPX JT TVTDFQUJCMF UP JOTUBCJMJUJFT PG WBSJPVT LJOET XIJDI IBWF UIFJS
PSJHJO JO WJTDPTJUZ TUSBUJîDBUJPO BT EFNPOTUSBUFE CZ :JI EFOTJUZ
TUSBUJîDBUJPO WFMPDJUZ QSPîMF DVSWBUVSF PS TIFBS FëFDUT *OEFFE
VOMJLF GPS UIF TJOHMFQIBTF TUBCJMJUZ QSPCMFN XIFSF UIF 3FZOPMET
OVNCFS JT UIF POMZ QBSBNFUFS UIF GPSNVMBUJPO PG UXPQIBTF TUB
CJMJUZ QSPCMFN SFRVJSFT BU MFBTU TJY EJNFOTJPOMFTT QBSBNFUFST
WJTDPTJUZ EFOTJUZ BOE EFQUI SBUJP UXP 3FZOPMET OVNCFS BOE UIF
8FCFS OVNCFS
*O UIJT TFDUJPO DPOTJEFSJOH UIF DMBTTJîDBUJPO PG JOTUBCJMJUJFT
NBEF CZ #PPNLBNQ BOE .JFTFO <> XF BOBMZ[F UIF TUBCJMJUZ PG B
HBTMJRVJE 1PJTFVJMMF ïPX UISPVHI BO FYUFOTJWF QBSBNFUSJD TUVEZ
GPDBMJ[JOH UIF BUUFOUJPO PO UIF PDDVSSFODF PG B NPEF DPBMFTDFODF
QIFOPNFOB CFUXFFO UIF JOUFSGBDJBM NPEF UZQJDBM PG UXP EJëFSFOU
ïVJET TFQBSBUFE CZ BO JOUFSGBDF BOE 5PMMNJFO4DIMJDIUJOH NPEF
GPVOE JO UIF DMBTTJDBM IZESPEZOBNJD TUBCJMJUZ UIFPSZ
.PEFM
ͳF BOBMZ[FE ïPX DBO CF TPMWFE JO DZMJOESJDBM HFPNFUSZ CVU
CFDBVTF PG JUT BTTVNFE TZNNFUSZ BOE FTQFDJBMMZ JG UIF MJRVJE îMN
JT TVðDJFOUMZ UIJO JU DBO CF DPOTJEFSFE UXPEJNFOTJPOBM
'MPX HFPNFUSZ JT TIPXO JO îH  4VCTDSJQUT 1 BOE 2 EFOPUF
UIF VQQFS BOE UIF MPXFS /FXUPOJBO ïVJE MBZFS %FOTJUZ WJTDPTJUZ
BOE UIJDLOFTT PG UIF UXP ïVJET BSF FYQSFTTFE CZ ρi  µi BOE di 
XIFSF i = 1,2 ͳF ïPX JT CPVOEFE CZ UIF XBMM PG UIF DIBOOFM
BOE JU JT MJNJUFE BU UIF UPQ CZ UIF BYJT PG TZNNFUSZ ͳF UXP MBZFS
BSF TFQBSBUFE CZ BO JOUFSGBDF BU y = 0 	OPUF UIBU JO UIF SFGFSFODF
TZTUFN DIPTFO x EFOPUFT UIF TUSFBNXJTF EJSFDUJPO BOE y UIF
EJSFDUJPO OPSNBM UP UIF NPUJPO
 (SBWJUZ FëFDUT BSF OFHMFDUFE
ͳF QSPCMFN JT OPOEJNFOTJPOBMJ[FE XJUI SFTQFDU UP UIF ïVJE 1
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą



















'JHVSF  #BTF ïPX
WBSZJOH UIF WJTDPTJUZ SBUJP
d1 JT UIF UIJDLOFTT PG UIF
HBT MBZFS d2 JT UIF UIJDLOFTT
PG UIF MJRVJE MBZFS
















XIJDI BSF SFTQFDUJWFMZ UIF WJTDPTJUZ UIF UIJDLOFTT BOE UIF EFOTJUZ
SBUJP UIF 3FZOPMET BOE UIF 8FCFS OVNCFST
ͳF CBTF ïPX JT B UXPQIBTF 1PJTFVJMMF ïPX ͳF BEJNFOTJPOBM






2− y − dm (d2 +1)]
1






m [− 12 y2+ y +d(d2 +1)]
1
2 + dm (d2 +1)
−d 4y 4 0
4UBCJMJǋ QSPCMFN
"T JO <> UIF MJOFBS TUBCJMJUZ QSPCMFN JT GPSNVMBUFE JO UXP
EJNFOTJPOBM DBSUFTJBO SFGFSFODF TZTUFN 8F BTTVNF QFSUVSCBUJPOT
BCPVU UIF CBTJD ïPX JO UIF GPSN PG UIF OPO EJNFOTJPOBM TUSFBN
GVODUJPOT ψ1 BOE ψ2 ͳF TUSFBNXJTF BOE DSPTTTUSFBN WFMPDJUZ





Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
ͳF VOTUFBEZ JOîOJUFTJNBM EJTUVSCBODF DBO CF FYQSFTTFE BT
ψi (x, y, t )= ψ˜i (y)FJk(x−ct ) 	

k JT UIF TUSFBNXJTF XBWFOVNCFS BOE c JT B DPNQMFY OVNCFS
JUT SFBM QBSU SFQSFTFOU UIF XBWF WFMPDJUZ XIJMF UIF JNBHJOBSZ QBSU
JT UIF HSPXUI SBUF 	kc = ω TFF TFDUJPO 1.3
 " EJTUVSCBODF JT VO
TUBCMF TUBCMF BOE OFVUSBMMZ TUBCMF XIFO UIF BNQMJîDBUJPO GBDUPS JT
QPTJUJWF OFHBUJWF BOE [FSP SFTQFDUJWFMZ
4VCTUJUVUJOH UIF  JOUP UIF /BWJFS4UPLFT FRVBUJPOT FMJN
JOBUJOH UIF QSFTTVSF UFSNT BOE MJOFBSJ[JOH XF PCUBJO UIF 0SS





















ͳF FRVBUJPOT  UPHFUIFS XJUI UIF UIF CPVOEBSZ DPOEJUJPOT
HPWFSO UIF TUBCJMJUZ QSPCMFN
ͳF CPVOEBSZ DPOEJUJPO BU UIF XBMM y =−d  BSF UIF DMBTTJDBM OP
TMJQ DPOEJUJPO
ψ˜2(−d)= ψ˜′2(−d)= 0 	

BU y = 1 UIFSF JT UIF DPOEJUJPO PG TZNNFUSZ
ψ˜1(1)= ψ˜′′1(1)= 0 	









































 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
XIFSF δ˜ JT UIF QFSUVSCFE JOUFSGBDF c ′ = c−U (0) BOE S = 1We 
8SJUJOH UIF HPWFSOJOH FRVBUJPOT JOUP B NBUSJY GPSN XF PCUBJO
B HFOFSBMJ[FE FJHFOWBMVF QSPCMFN
cMR˜=AR˜ 	

JOUSPEVDJOH UIF QFSUVSCBUJPO WFDUPS R˜ = [ψ˜1,ψ˜2, δ˜] UIF VO
TUFBEZ PQFSBUPSM BOE UIF BEWFDUJPOEJëVTJPO PQFSBUPS A
ͳJT QSPCMFN IBT CFFO EJTDSFUJ[FE TFQBSBUFMZ GPS FBDI ïVJE CZ
NFBOT PG B $IFCZTIFW QTFVEPTQFDUSBM DPEF XSJUUFO JO ."5-"#
QSPHSBNNJOH MBOHVBHF
3FTVMUT
8F DPOTJEFS B HBTMJRVJE ïPX XJUI r = 10 BOEm = 40 ͳFTF
QBSBNFUFST BSF EJëFSFOU GSPN UIF BJSXBUFS POFT CVU IBWF IPX
FWFS EJSFDU BQQMJDBUJPOT UP MJRVJEHBT BUPNJ[BUJPO BU IJHI QSFT
TVSF ͳF PUIFS QBSBNFUFST WBSJFE BSF UIF 3FZOPMET OVNCFS
Re = [100− 5000] UIF 8FCFS OVNCFS BOE UIF EFQUI SBUJPO
d = [0.15,0.2,1,8]
8F TUBSU BOBMZ[JOH UIF FëFDUT PG UIF JODSFBTJOH PG n *O îH 
BSF SFQPSUFE UIF DPMPVS NBQT PG UIF NBYJNVN HSPXUI SBUF BOE
UIF OFVUSBM TUBCJMJUZ DVSWFT GPS UIF DPOTJEFSFE WBMVFT PG n BOE GPS
We =∞ 'PS d = 0.15 UIF ïPX JT VOTUBCMF XIJMF JODSFBTJOH UIF
UIJDLOFTT PG UIF MPXFS ïVJE BMSFBEZ BU d = 0.2 B OFVUSBM TUBCJMJUZ
BQQFBST 8JUI GVSUIFS JODSFBTFT PG d UIF BSFB PG TUBCJMJUZ FYUFOET
CVU GPS d > 1 UIJT USFOE JOWFSUT
'PS Re = 4000 BOE k = 1 îH  TIPXT IPX UIF TQFDUSVN PG
UIF MJOFBSJ[FE 0SS4PNNFSGFME PQFSBUPS WBSJFT JODSFBTJOH d  "T
d JODSFBTFT UIF UIF QPTJUJPO PG UIF MFBEJOH FJHFOWBMVF TIJGUT GSPN
UIF MFGU UP UIF SJHIU CSBODI BOE GPS d ≥ 0.2 UIF HSPXUI SBUF ci  JT PG
POF PSEFS PG NBHOJUVEF IJHIFS BT SFQPSUFE JO îH 
ͳFTF EBUB IJHIMJHIU UIBU WBSZJOH UIF UIJDLOFTT PG UIF MPXFS
ïVJE UIF OBUVSF PG UIF MFBEJOH FJHFOWBMVF DIBOHFT 'PS d ≤ 0.2
UIF NPTU VOTUBCMF NPEF JT BO JOUFSGBDJBM NPEF 	*
 UZQJDBM JOTUBCJM
JUZ NFDIBOJTN PG UIJO MJRVJE îMN JOKFDUFE JOUP B GBTU HBT TUSFBN
8IFO UIF UIJDLOFTT PG UIF MPXFS ïVJE JT TMJHIUMZ JODSFBTFE B OFX
NFDIBOJTN PG JOTUBCJMJUZ EVF UP B NPEF DPBMFTDFODF DBO CF PC
TFSWFE ͳJT QIFOPNFOPO PDDVST CFUXFFO UIF 5PMMNJFO4DIMJDIUJOH
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
'JHVSF  $PMPVS NBQT
PG NBYJNVN HSPXUI SBUF
WBSZJOH d BT B GVODUJPO PG
UIF BYJBM XBWFOVNCFST k
BOE Re GPSm = 40 r = 10
BOEWe =∞ ͳF CMBDL















































PG UIF MJOFBSJ[FE 0SS
4PNNFSGFME PQFSBUPS GPS
k = 1 Re = 4000We =∞
BOE WBSZJOH UIF WBMVF PG
UIF UIJDLOFTT SBUJP d  ͳF
MFBEJOH FJHFOWBMVF JT DJSDMFE
JO SFE
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą























n = 1d = 0.2 d = 1 'JHVSF  .BYJNVN
HSPXUI SBUF BT B GVODUJPO PG
UIF TUSFBNXJTF XBWFOVN
CFS k GPS r = 10 m = 40
Re = 4000We =∞ BOE GPS
UXP WBMVFT PG UIF UIJDLOFTT
SBUJP d = 0.2,1
NPEFT 	54
 BOE UIF QSFWJPVT NFOUJPOFE JOUFSGBDJBM NPEFT ͳF
QIZTJDT ESJWJOH UIFTF UXP NPEFT BSF RVJUF EJëFSFOU ͳF 54 NPEF
JT DBVTFE CZ B DPNCJOBUJPO PG UIF WPSUJDJUZ QSPEVDUJPO BU UIF XBMM
UIF OPTMJQ DPOEJUJPO BOE UIF WJTDPVT FëFDU XJUIJO UIF DSJUZDBM
MBZFST BOE IFODF JT BMTP QSFTFOU JO TJOHMFQIBTF ïPXT XIJMF UIF
* NPEF JT ESJWFO CZ WPSUJDJUZ QSPEVDUJPO BU UIF JOUFSGBDF EVF UP B
WJTDPTJUZ KVNQ CFUXFFO UIF UXP ïVJET JO QMBZ "T SFQPSUFE CZ <>
UIF DSJUJDBM QBSBNFUFS XIJDI JOUSPEVDFT NPEFT JOUFSBDUJPO JT UIF
îMN UIJDLOFTT
$PIFO BOE )BOSBUUZ <> GPVOE FYQFSJNFOUBMMZ TPNF DIBSBD
UFSJTUJDT UP JEFOUJGZ BO JOUFSGBDJBM NPEFT UIF XBWFMFOHUI JT GSPN
POF UP UFO UJNFT UIF UIJDLOFTT PG UIF MJRVJE îMN BOE UIF XBWF
TQFFE JT HSFBUFS UIBO UIF WFMPDJUZ BU UIF JOUFSGBDF "OBMZ[JOH UIF
SFTVMUT PCUBJOFE GPS d = 0.2 XF îOE UIBU UIF NBYJNVN HSPXUI
SBUF kci = 0.039  JT SJDIFE CZ B EJTUVSCBODF DIBSBDUFSJ[FE CZ
k = 1.33 ͳVT UIF BEJNFOTJPOBM XBWFMFOHUI JT PG POF PSEFS PG
NBHOJUVEF HSFBUFS UIBO UIF MJRVJE îMN UIJDLOFTT λ= 2pi/k ∼ 4.72
BOE UIF BEJNFOTJPOBM EJTUVSCBODF TQFFE JT cr = 0.95 XIJMF UIF
WFMPDJUZ BU UIF JOUFSGBDF BEJNFOTJPOBMJ[FE SFTQFDU UPU."91  JT
U (0) = 0.01 ͳFTF DIBSBDUFSJTUJDT JEFOUJGZ UIF MFBEJOH FJHFOWBMVF
BT BO JOUFSGBDJBM NPEF U
'JHVSF  )ZQFSCPMJD
UBOHFOU WFMPDJUZ QSPîMF PG B
NJYJOH MBZFS
'PS d = 1 UIF MFBEJOH FJHFOWBMVF QSFTFSWFT UIF TBNF XBWF
WFMPDJUZ BOE XBWFMFOHIU PG BO JOUFSGBDJBM NPEF cr = 0.95 BOE
k = 1.54 CVU UIF HSPXUI SBUF HSPXT PG POF PSEFS PG NBHOJUVEF
kci = 0.188 $PNQBSJOH UIF NBYJNVN HSPXUI SBUF BT B GVODUJPO
PG k GPS d = 1 XJUI UIF POF SFQPSUFE JO îH  SFMBUJWF UP B
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
NJYJOH MBZFS XJUI BO IZQFSCPMJD UBOHFOU WFMPDJUZ QSPîMF îH 
BOE GPS Re = 4000 HPWFSOFE POMZ CZ UIF TIFBS JOTUBCJMJUZ XF DBO
OPUF TPNF TJNJMBSJUJFT JO UIF USFOE BOE JO UIF PSEFS PG NBHOJUVEF












SBUF BT B GVODUJPO PG UIF
TUSFBNXJTF XBWFOVNCFS
k PG UIF NJYJOH MBZFS GPS
Re = 4000
*OEFFE JU JT QPTTJCMF UP EFEVDF UIBU XIFO UIF UIJDLOFTT PG UIF
MPXFS MBZFS CFHJOT UP HSPX UIF NFDIBOJTN PG ïPX JOTUBCJMJUZ JT
EVF UP B NPEF DPBMFTDFODF CFUXFFO * NPEF BOE 54 NPEF
*U JT JOUFSFTUJOH UP JOWFTUJHBUF CSJFïZ UIF FëFDUT PG TVSGBDF
UFOTJPO PO UIF TUBCJMJUZ PG UIF TUVEJFE ïPX 7BSZJOH UIF 8FCFS
OVNCFS BOE îYJOH BMM UIF PUIFS QBSBNFUFSTm = 40 r = 10 d =
0.2 XF PCUBJO UIF OFVUSBM TUBCJMJUZ DVSWFT JO îH  ͳF JODSFBTF
PG TVSGBDF UFOTJPO IBT BT FYQFDUFE B TUBCJMJ[JOH FëFDU JOEFFE GPS
We < 1000 JT QPTTJCMF UP JEFOUJGZ DMFBSMZ B DVUPë XBWFOVNCFS k
XIJDI EJWJEFT UIF kRe QMBOF JO UXP SFHJPOT UIF BSFB BCPWF UIF
DVUPë XBWFOVNCFS JT TUBCMF UIF POF SFNBJOJOH CFMPX JT VOTUBCMF
4JODF UIF TVSGBDF UFOTJPO GPSDF JT QSPQPSUJPOBM UP UIF DVSWBUVSF PG
UIF JOUFSGBDF BOE CFDBVTF UIF DVSWBUVSF JT HSFBUFS GPS TIPSU XBWFT
JUT FëFDUT JOïVFODF NPSF UIF TIPSU XBWFT NPEFT k 5 1





lunedì 14 gennaio 13
'JHVSF  &ëFDUT PG
TVSGBDF UFOTJPO PO UIF
OFVUSBM DVSWFT GPS d = 0.2
m = 40 BOE r = 10
3FNBSƽ
6OMJLF UIF TJOHMF ïVJE QSPCMFN XIJDI SFTVMUT JO B TJOHMF VOTUB
CMF TPMVUJPO 	5PMMNJFO4DIMJDIUJOH NPEF
 UIF UXPïVJE QSPCMFN
IBT NVMUJQMF VOTUBCMF TPMVUJPOT 	5PMMNJFO4DIMJDIUJOH BOE *OUFS
GBDJBM NPEFT
 ͳF QBSBNFUFST UIBU JOïVFODF UIF TUBCJMJUZ PG UIF
QSFTFOUFE QSPCMFN BSF UIF WJTDPTJUZ BOE EFOTJUZ SBUJPT PG UIF UXP
ïVJET UIJDLOFTT PG UIF TIFBSFE ïVJE MBZFS BOE TVSGBDF UFOTJPO
'PS DFSUBJO DPNCJOBUJPOT PG WJTDPTJUZ SBUJP BOE ïVJE UIJDLOFTT UIF
5PMMNJFO4DIMJDIUJOH NPEF BOE UIF *OUFSGBDJBM NPEFT JOUFSBDU
SFTVMUJOH JO B DPNQPTJUF NPEF UIBU IBT UIF QSPQFSUJFT PG CPUI
QBSFOU NPEFT " QBSBNFUSJD TUVEZ CBTFE PO UIF EJëFSFOU WBMVFT
PG UIF UIJDLOFTT SBUJP BOE TVSGBDF UFOTJPO IBT CFFO QSFTFOUFE
XIJDI IBT CSPVHIU PVU TPNF EFUBJMT PG UIF NPEF DPBMFTDFODF BOE
B QBSBNFUFST DPNCJOBUJPO BU XIJDI JU PDDVST *O QBSUJDVMBS IBT
CFFO PCTFSWFE UIBU GPS TVðDJFOUMZ UIJDL TIFBSFE ïVJE MBZFS NPEF
DPBMFTDFODF PDDVST CFUXFFO 54 BOE * NPEFT BOE XIFO UIF MPXFS
ïVJE UIJDLOFTT JODSFBTFT JT OPU MPOHFS QPTTJCMF UP EJTUJOHVJTI UIF
UXP TFQBSBUF NPEFT BOE UIF DPNQPTJUF NPEF EPNJOBUFT UIF JOTUB
CJMJUZ QSPCMFN "OPUIFS JOUFSFTUJOH GFBUVSF JT UIF JODSFBTF PG UIF
BNQMJîDBUJPO GBDUPST BT UIF UIF UIJDLOFTT SBUJPO JODSFBTFT
Ćĉāøþćûö øþāĉą ûĀ ĂþóĀ÷ ù÷āÿ÷ĆĄċ 
 $PODMVEJOH SFNBSƽ
*O UIJT DIBQUFS XF IBWF BOBMZ[FE UIF EFWFMPQNFOU PG UIF JOTUBCJMJUZ
PG TIFBS ïPXT NBEF VQ PG UXP EJTUJODU JNNJTDJCMF ïVJET UBLJOH
JOUP BDDPVOU UIFJS EJëFSFOU EFOTJUJFT WJTDPTJUJFT BOE UIF UFOTJPO
BDUJOH BU UIF JOUFSGBDF UIBU TFQBSBUFT UIFN 8F IBWF TFFO UIBU
XIFO UXP JNNJTDJCMF ïVJET BSF ïPXJOH JO QBSBMMFM JT DPNNPO UP
XJUOFTT UIF EFWFMPQNFOU PG JOUFSGBDJBM XBWFT PS FWFO GPS NPSF
SBQJE ïPXT UIF NJYJOH PG UIF UXP ïVJET BT UIF TVSGBDF FWFOUVBMMZ
CSFBLT JOUP ESPQT
*O JOEVTUSZ TVDI LJOE PG ïPX GPSNT UIF CBTJT GPS UIF TUVEZ PG
BUPNJ[BUJPO ͳJT IBT QSPWJEFE UIF NPUJWBUJPO GPS UIF QSFTFOU
XPSL ͳF BUPNJ[BUJPO QSPDFTT JT DIBSBDUFSJ[FE CZ UIF HSPXUI
PG JOJUJBMMZ XBWZ QFSUVSCBUJPOT BU UIF HBTMJRVJE JOUFSGBDF EVF UP
UIF DMBTTJDBM ,) NFDIBOJTN JOUP NPSF FMPOHBUFE MJRVJE TIFFUT
ͳSFFEJNFOTJPOBM EFTUBCJMJ[BUJPO PG UIFTF TIFFUT UVSOT UIFN
JOUP MJHBNFOUT XIJDI DPVME CSFBLVQ JOUP ESPQMFUT 5P EFTDSJCF
UIF EFWFMPQNFOU PG UIFTF TUSVDUVSFT HFOFSBUFE CZ UIF HSPXUI PG
OPOMJOFBS EJTUVSCBODFT EJSFDU OVNFSJDBM TJNVMBUJPOT BSF FTTFOUJBM
0VS OVNFSJDBM SFTVMUT IBWF SFWFBMFE UIBU UIF TJNQMF MJOFBS
GPSNVMBUJPO PG UIF ,) UIFPSZ UIF NFDIBOJTN UIBU BT XF IBWF
IJHIMJHIUFE TFUT UIF QSJNBSZ JOTUBCJMJUZ PG B MJRVJE îMN DBOOPU
UBLF JOUP BDDPVOU NBOZ JNQPSUBOU SFBM FëFDUT TVDI BT UIF îOJUF
UIJDLOFTT PG UIF TIFBS MBZFS UIF WJTDPTJUZ PG UIF ïVJET BOE UIF
OPOMJOFBS TBUVSBUJPO PG UIF JOJUJBM EJTUVSCBODFT
-JOFBS TUBCJMJUZ BOBMZTJT PO UIF PUIFS IBOE IBT BMMPXFE VT
UP VOEFSTUBOE UIF QIZTJDBM DIBSBDUFS PG UIF NPEFT UIBU HPWFSO
QSJNBSZ JOTUBCJMJUZ *O QBSUJDVMBS JU IBT CFFO EFNPOTUSBUFE UIBU
UIF WJTDPTJUZ SBUJP JT UIF EPNJOBOU GBDUPS PG UIF JOTUBCJMJUZ UIF
WJTDPTJUZ KVNQ BU UIF JOUFSGBDF QSPEVDFT UIF WPSUJDJUZ UIBU ESJWFT
UIF TP DBMMFE JOUFSGBDJBM NPEFT
*U IBT CFFO QPTTJCMF UP EFEVDF IPX UIF MJOFBS TUBCJMJUZ QSPCMFN
PG B UXPQIBTF ïPX JT DPNQMJDBUFE DPOTJEFSJOH BMM UIF QBSBNFUFST
JO QMBZ "DUVBMMZ UIJT IBT CSPVHIU UP UIF BOBMZTJT PG OFX BOE JOUFS
FTUJOH QIFOPNFOB TVDI BT UIF NPEF DPBMFTDFODF JMMVTUSBUFE JO UIF
QSFWJPVT TFDUJPO 8F IBWF TFFO UIBU JODSFBTJOH UIF UIJDLOFTT PG
IFBWJFS ïVJE * NPEF DBO IBWF QPJOU PG DPBMFTDFODF XJUI 54 NPEF
HFOFSBUJOH B OFX NPEF UIBU QSFTFSWFT TPNF DIBSBDUFSJTUJDT PG UIF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
UZQJDBM JOTUBCJMJUZ NFDIBOJTN PG TJOHMFQIBTF ïPX

4UBCJMJǋ PG ǊPGMVJE GMPXT JO QJQFT
*O UIJT DIBQUFS XF DPOTJEFS UIF EZOBNJDT PG UXP JNNJTDJCMF ïVJET
XJUI EJëFSFOU WJTDPTJUJFT JO DJSDVMBS QJQFT 5ZQJDBM PG UIFTF ïPXT JT
UIF TUSPOH UFOEFODZ UP BSSBOHF UIFNTFMWFT TP UIBU UIF MPXWJTDPVT
ïVJE JT JO UIF SFHJPO PG IJHI TIFBS ͳJT IBT CFFO FYQMBJOFE CZ
UIF WJTDPVTEJTTJQBUJPO QSJODJQMF XIJDI QPTUVMBUFT UIBU UIF ïPX
DIPPTFT BO JOUFSGBDF UIBU DPVME NJOJNJ[F WJTDPVT EJTTJQBUJPO GPS
B HJWFO ïPX SBUF PS FRVJWBMFOUMZ NBYJNJ[F UIF WPMVNF ïVY GPS
B HJWFO QSFTTVSF HSBEJFOU <> ͳJT iHJGU PG OBUVSFw PQFOT VQ WFSZ
JOUFSFTUJOH QPTTJCJMJUJFT GPS UFDIOPMPHJDBM BQQMJDBUJPOT JO XIJDI
POF ïVJE JT VTFE UP MVCSJDBUF BOPUIFS "O FYBNQMF JT UIF MVCSJDBUFE
QJQFMJOJOH JO QFUSPMFVN JOEVTUSJFT
8BUFS JT PGUFO QSPEVDFE JO MBSHF RVBOUJUJFT XJUI DSVEF PJM BOE
UIF DIBSBDUFSJTUJDT PG UIJT UXPïVJE ïPX BSF PG HSFBU JOUFSFTU JO
IPSJ[POUBM QJQFMJOFT USBOTQPSUJOH UIF DSVEF PJM UP îFME USFBUJOH
GBDJMJUJFT ͳF NBKPS CFOFîDJBM FëFDU PG UIF JOUSPEVDUJPO PG XBUFS
JT UIF SFEVDUJPO PG UIF QSFTTVSF HSBEJFOU BMPOH UIF QJQFMJOF BOE
UIVT PG UIF QPXFS OFDFTTBSZ UP QVNQ B HJWFO RVBOUJUZ PG PJM <>
7BSJPVT BSSBOHFNFOUT PG PJM BOE XBUFS PDDVS JO FYQFSJNFOUT 	<>
<>

t TUSBUJîFE ïPX XJUI IFBWZ ïVJE CFMPX
t PJM CVCCMFT BOE TMVHT JO XBUFS
t B DPODFOUSJD PJM DPSF JO BO BOOVMVT PG XBUFS 	UIJT JT DBMMFE $PSF
"OOVMBS 'MPX

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
t XBWZ DPSF ïPXT
t XBUFS JO PJM
0G DPVSTF UIF ïPX QBUUFSO XIJDI BQQFBST NPTU BUUSBDUJWF GSPN
UIF WJFXQPJOU PG QSFTTVSF HSBEJFOU SFEVDUJPO JT UIF $PSF"OOVMBS
'MPX 	$"'

'JHVSF  'MPX UZQFT JO
IPSJ[POUBM PJMXBUFS ïPX JO
B QJQF
ͳF TDJFODF CFIJOE UIF UFDIOPMPHZ PG $"' IBT HJWFO SJTF UP B
MBSHF MJUFSBUVSF JO QBSUJDVMBS PO TUBCJMJUZ TUVEJFT ͳF ïPX UZQFT
QSFTFOUFE JO îH  BSF EFîOFE CZ TUBCJMJUZ UIVT UIF UIFPSZ PG
TUBCJMJUZ JT UIF OBUVSBM XBZ UP BOBMZ[F UIF USBOTJUJPO CFUXFFO UIFN
6OGPSUVOBUFMZ NPTU PG UIF TUVEJFT JO MJUFSBUVSF BSF DPOîOFE UP
iQFSGFDUw DPSF"OOVMBS ïPX 	1$"'
 POMZ QPTTJCMF JO IPSJ[POUBM
QJQFT XIFO UIF UXP ïVJET IBWF UIF TBNF EFOTJUZ TVDI BT UP OVMMJGZ
HSBWJUZ FëFDUT BOE PG JOUFSFTU JO MVCSJDBUFE QJQFMJOJOH GPS XIJDI
MJOFBS TUBCJMJUZ BOBMZTJT JT SFEVDFE CZ OPSNBM NPEF UP FJHFOWBMVF
QSPCMFN GPS PSEJOBSZ EJëFSFOUJBM FRVBUJPOT 4UVEJFT PO MJOFBS
TUBCJMJUZ PG 1$"' XFSF EPOF CZ )JDLPY <> +PTFQI FU BM <>
1SF[JPTJ FU BM <> +PTFQI  3FOBSEZ <> BOE NBOZ PUIFST ͳFTF
TUBCJMJUZ BOBMZTFT TIPXFE UIBU UIJT DPOîHVSBUJPO JT TUBCMF POMZ
XIFO UIF NPSF WJTDPVT ïVJE PDDVQJFT NPTU PG UIF QJQF TP UIF
WPMVNF SBUJPO CFUXFFO UIF UXP ïVJET JT B DSVDJBM GBDUPS "DUVBMMZ
FWFO JO UIF DBTF PG B UIJO MVCSJDBUJOH MBZFS UIF TUBCJMJUZ EFQFOET
PO ïPX DPOEJUJPOT 'PS FYBNQMF JG UIF ïPX JT TMPX DBQJMMBSZ
JOTUBCJMJUZ JT JOEVDFE CZ JOUFSGBDJBM UFOTJPO *OFSUJB IBT B TUBCJMJ[JOH
FëFDU <> BOE UIF DBQJMMBSZ JOTUBCJMJUZ DBO CF DPNQMFUFMZ TUBCJMJ[FE
CZ JODSFBTJOH UIF 3FZOPMET OVNCFS <> *O HFOFSBM UIF QBSBNFUFS
SBOHF GPS XIJDI $"' JT TUBCMF JT WFSZ TNBMM
"OZXBZ UIF MJOFBS NPEBM TUBCJMJUZ BOBMZTJT DBOOPU FYQMBJO UIF
USBOTJUJPO UP TPNF ïPX UZQFT MJLF UIF FNVMTJîDBUJPO PG XBUFS JO
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
PJM UIVT MPPLJOH BU UIF DPNQBSJTPO CFUXFFO UIFPSZ BOE FYQFS
JNFOUT JU JT QPTTJCMF UP TFF IPX UIF NPEBM UIFPSZ GBJMT JO TPNF
DPOEJUJPOT 'PS UIJT SFBTPO JO UIF QSFTFOU TUVEZ XF USZ UP HP CF
ZPOE UIF DMBTTJDBM SFTVMUT PG NPEBM TUBCJMJUZ BOBMZTJT CZ DBSSZJOH
PVU OPONPEBM TUBCJMJUZ BOBMZTJT PG $"' UBLJOH JOUP BDDPVOU UISFF
EJNFOTJPOBM QFSUVSCBUJPOT JO MJHIU PG UIF TVCTUBOUJBM USBOTJFOU
HSPXUI GPVOE JO UIF TJOHMFïVJE QJQF ïPX <>
 (PWFSOJOH FRVBǆPOT BOE QBSBNFUFǂ
5XP MJRVJET ïPXJOH JO B DZMJOESJDBM QJQF PG SBEJVT R2 BOE JOîOJUF
MFOHUI BSF DPOTJEFSFE ͳF JOUFSGBDF CFUXFFO UIF UXP MJRVJET JT
HJWFO CZ r = R(θ,x, t ) XIFSF t JT UJNF (r,θ,x) BSF UIF DZMJOESJDBM
QPMBS DPPSEJOBUFT BOE UIF DPSSFTQPOEJOH DPNQPOFOUT PG WFMPDJUZ
BSF EFOPUFE CZ 6 = (U ,V ,W ) ͳF SFHJPO 0 ≤ r ≤ R1 XIFSF R1
JT B DPOTUBOU SBEJVT EFUFSNJOFE CZ UIF QSFTDSJCFE WPMVNFT PG UIF
UXP MJRVJET JO UIF VOQFSUVSCFE DPOîHVSBUJPO JT PDDVQJFE CZ UIF
îSTU MJRVJE PG WJTDPTJUZ BOE EFOTJUZ µ1 BOE ρ1 SFTQFDUJWFMZ XIJMF
UIF TFDPOE MJRVJE 	XIPTF QSPQFSUJFT BSF EFOPUFE CZ µ2 BOE ρ2
 JT
MPDBUFE JO UIF SFHJPO R1 ≤ r ≤R2
R1 R2
'JHVSF  (FPNFUSZ PG
$PSF"OOVMBS 'MPX BOE
CBTF ïPX








JO XIJDI i = 1 XIFO 0 ≤ r ≤ R1 BOE i = 2 XIFO R1 ≤ r ≤ R2
(SBWJUZ UFSN JT OFHMFDUFE CFDBVTF XF BSF DPOTJEFSJOH UXP ïVJET
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
XJUI UIF TBNF EFOTJUZ 7FMPDJUZ IBWF UP TBUJTGZ UIF DMBTTJDBM OP TMJQ
DPOEJUJPO BU UIF QJQF XBMM r =R2
6= 0
BOE JU JT CPVOEFE BU r = 0 CZ UIF SFHVMBSJUZ DPOEJUJPOT ͳF FRVB










−(〈P〉+ cT ) ·O+2〈µ(∇6)0s 〉 ·O= 0
JO XIJDI UIF TZNCPM 〈·〉 SFQSFTFOUT UIF KVNQ PG B WBSJBCMF BDSPTT
UIF JOUFSGBDF c JT UIF TVN PG UIF QSJODJQBM DVSWBUVSFT T JT UIF
TVSGBDF UFOTJPO O = O12 JT UIF OPSNBM UP r −R = 0 GSPN MJRVJE
1 UP 2 ͳF îSTU FRVBUJPO JT UIF LJOFNBUJD DPOEJUJPO FYQSFTTJOH
BT VTVBM UIBU UIF JOUFSGBDF JT B NBUFSJBM TVSGBDF UIF PUIFS UXP
FRVBUJPOT SFQSFTFOUT TJY NBUDIJOH DPOEJUJPOT DPSSFTQPOEJOH UP
UIF DPOUJOVJUZ PG UISFF WFMPDJUZ DPNQPOFOUT BOE UIF UISFF TUSFTT
DPNQPOFOUT UIF UBOHFOUJBM TUSFTTFT BMPOH BYJBM BOE B[JNVUIBM
EJSFDUJPOT BOE UIF OPSNBM TUSFTT BMPOH SBEJBM EJSFDUJPO /PUF UIBU
GPS UIF VOQFSUVSCFE ïPX UIF QPTJUJPO PG UIF JOUFSGBDF DPSSFTQPOET
UP UIF SBEJVT PG UIF DPSF R =R1
ͳF CBTF ïPX JT NPEFMFE BT )BHFO1PJTFVJMMF 	)1
 ïPX ESJWFO
CZ B QSFTDSJCFE QSFTTVSF HSBEJFOU UIF WFMPDJUZ îFME CFJOH 6 =
(0,0,W ) 'PMMPXJOH <> XF IBWF TDBMFE UIF MFOHUIT XJUI R1 BOE
UIF WFMPDJUZ XJUI UIF DFOUSFMJOF WFMPDJUZW (0)=W0 PCUBJOJOH UIF
GPMMPXJOH EJNFOTJPOMFTT WFMPDJUZW (r )
W (r )=
{
1−mr 2/(a2+m−1), 0≤ r ≤ 1
(a2− r 2)/(a2+m−1), 1≤ r ≤ a 	

XIFSFm = µ2/µ1 JT UIF WJTDPTJUZ SBUJP BOE a = R2/R1 JT UIF
EJNFOTJPOMFTT PVUFS SBEJVT PG UIF QJQF /PUF UIBU GPS UIF TBLF PG
TJNQMJDJUZ UIF TZNCPM r XJMM EFOPUF IFSFBGUFS UIF EJNFOTJPOMFTT
SBEJBM DPPSEJOBUF &RVBUJPO  TIPXT UIBUW (r ) JT DPOUJOVPVT
BDSPTT r = 1 CVU CFDBVTF PG UIF DPOUJOVJUZ PG UIF TIFBS TUSFTT
BDSPTT UIF JOUFSGBDF UIF EFSJWBUJWFT PGW (r ) BSF EJëFSFOU PO UIF
UXP TJEFT PG UIF EPNBJO BU r = 1 'JH  TIPXT UIF CBTF ïPX GPS
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
EJëFSFOU WBMVFT PGm TUBSUJOH GSPN UIF DMBTTJD QBSBCPMJD )1 ïPX
GPSm = 1
-JOƺSJ[FE FRVBǆPOT BOE NPEBM BOBMZTJT
*O PSEFS UP QFSGPSN UIF MJOFBS TUBCJMJUZ BOBMZTJT XF DMBTTJDBMMZ
QFSUVSC UIF CBTF ïPX TP UIBU UIF UPUBM WFMPDJUZ DPNQPOFOUT
QSFTTVSF BOE JOUFSGBDF QPTJUJPO BSF
6= (u,v,W +w), P = P +p, R =R1+δ(θ,x, t ) 	

XIFSF DBQJUBM MFUUFST EFOPUF 	UPUBM
 QFSUVSCFE RVBOUJUJFT TNBMM MFU
UFST EJTUVSCBODFT BOE CBS SFGFST UP UIF CBTF ïPX δ JT UIF JOUFSGBDF
EJTUVSCBODF
"GUFS TVCTUJUVUJOH UIF QSFWJPVT QPTJUJPOT JOUP UIF HPWFSOJOH
FRVBUJPOT BOE UIF CPVOEBSZ DPOEJUJPOT JU JT QPTTJCMF UP MJOFBSJ[F
UIFN GPMMPXJOH UIF DMBTTJDBM TUFQT PG MJOFBS NPEBM BOBMZTJT CZ
BTTVNJOH UIBU RVBESBUJD QFSUVSCBUJPO UFSNT BSF OFHMJHJCMZ TNBMM "
GVSUIFS TJNQMJîDBUJPO JT NBEF CZ JOWPLJOH RVBTJDZMJOESJDBM CBTF
ïPX BTTVNQUJPO XIJDI NFBOT UIBU UIF BYJBM HSBEJFOU BSF TNBMM
∂W
∂x  BOE UIF HFOFSBM CBTF ïPX DBO CF BQQSPYJNBUFE CZW =W (r )


































































ͳFTF FRVBUJPOT IBWF UP CF TPMWFE GPS CPUI UIF JOOFS BOE UIF PVUFS
îFME PDDVQJFE SFTQFDUJWFMZ CZ UIF UIF PJM BOE UIF XBUFS Rei  JO
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
GBDU EFOPUFT UIF 3FZOPMET OVNCFS PG FBDI QIBTF Rei = W0R1νi  ͳF
DPSSFTQPOEJOH WBSJBCMFT JOEFY 	1 BOE 2
 IBT CFFO ESPQQFE KVTU GPS
TJNQMJDJUZ
ͳF WFMPDJUZ DPNQPOFOUT u,v,w IBWF UP SFTQFDU UIF CPVOEBSZ
DPOEJUJPO u = v = w = 0 PO r = a BOE IBWF UP CF CPVOEFE
PO r = 0 ͳF DPOEJUJPOT PO UIF JOUFSGBDF PG UIF QFSUVSCBUJPO
DPNQPOFOUT IBWF UP CF FOGPSDFE BMXBZT PO UIF QPTJUJPO PG UIF









õāĀĆûĀćûĆċ āø Ĉ÷þāõûĆċ õāÿĂāĀ÷ĀĆą
















































XIFSF ζi = ρi /ρ1 JT UIF EFOTJUZ SBUJP BOE J JT UIF $IBOESBTFLIBS
TVSGBDF UFOTJPO QBSBNFUFS J = TR1aρ1ν1  /PUF UIBU UIF MFGU TJEF PG
FR  JOWPMWFT KVNQ UFSNT XIJMTU PO UIF SJHIU IBOE TJEF UIF
3FZOPMET OVNCFS JT KVTU Re1 'SPN UIFTF FRVBUJPOT XF PCUBJO UIBU
UIF EJTUVSCBODF WFMPDJUZ DPNQPOFOU w JT OPU DPOUJOVPVT BDSPTT
UIF JOUFSGBDF TFDPOE FRVBUJPO PG  BOE JUT KVNQ JT QSPQPSUJPOBM
UP UIF îSTU EFSJWBUJWF PG UIF CBTF ïPXW (r ) EJëFSFOU PO UIF UXP
TJEF PG UIF EPNBJO CFDBVTF PG UIF DPOUJOVJUZ PG TIFBS TUSFTT GPS UIF
CBTF ïPX
'PVSJFS EFDPNQPTJUJPO JO B[JNVUIBM BOE BYJBM EJSFDUJPO BOE
UFNQPSBM OPSNBM NPEF QPTJUJPO MFBET UP UIF GPMMPXJOH EJTUVS
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
CBODF RVBOUJUJFT
[u,v,w,p](r,θ,x, t )= [iu˜, v˜ , w˜ , p˜](r ) ·ei(nθ+kx−ωt )
δ(θ,x, t )= δ˜ ·ei(nθ+kx−ωt ) 	

XIFSF n ∈ Z BOE k ∈ R BSF UIF B[JNVUIBM BOE UIF BYJBM XBWF
OVNCFST XIJMF ω JT B DPNQMFY OVNCFS SFQSFTFOUJOH UIF UFNQPSBM
FJHFOWBMVF ͳF BNQMJUVEF GVODUJPOT 	FJHFOGVDOUJPOT
 BSF EFOPUFE
CZ UIF TZNCPM i∼w










































ͳF CPVOEBSZ DPOEJUJPOT GPS UIF PVUFS îFME BU UIF QJQF XBMM BSF
u˜(a)= v˜(a)= w˜(a)= 0 	

XIJMF BU UIF BYJT PG UIF QJQF UIF BNQMJUVEF GVODUJPOT IBWF UP TBUJTGZ





= 0, p˜ îOJUF JG n = 0
∂u˜
∂r
, u˜+nv˜ , w˜ , p˜ = 0 JG |n| = 1
u˜, v˜ , w˜ , p˜ = 0 JG |n| > 1
	

 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą































ͳF HPWFSOJOH FRVBUJPOT  UPHFUIFS XJUI UIF CPVOEBSZ DPOEJ










XIFSF R˜ DPOUBJOT JOOFS BOE PVUFS WFMPDJUZ BOE QSFTTVSF WBSJBCMFT
QMVT UIF EJTQMBDFNFOU EJTUVSCBODF PG UIF JOUFSGBDF M JT UIF VO
TUFBEZ PQFSBUPS L JT UIF DPOWFDUJPO PQFSBUPS BOE V JT UIF EJëVTJWF
POF
5P TVNNBSJ[F UIF QSPCMFN  JT DIBSBDUFSJ[FE CZ îWF JO
EFQFOEFOU EJNFOTJPOMFTT QBSBNFUFST m,a,ζ, J ,Re1 CFDBVTF UIF
UXP 3FZOPMET OVNCFS BSF SFMBUFE CZ Re1/Re2 =m/ζ2 'PS TBLF PG
TJNQMJDJUZ BDDPSEJOH UP <> IFSFBGUFS UIF UXP ïVJET BSF BTTVNFE
UP IBWF UIF TBNF EFOTJUZ 	UIVT ζ2
 BOE UIF QBSBNFUFS J XJMM CF
UBLFO îYFE UP UIF WBMVF J = 2102 ͳF BOBMZTJT IFODF IBT CFFO
NBEF CZ WBSZJOHm,a BOE UIF 3FZOPMET OVNCFST
/VNFSJDBM USƺUNFOU
ͳF HFOFSBMJ[FE FJHFOWBMVF QSPCMFN  IBT CFFO EJTDSFUJ[FE
TFQBSBUFMZ GPS FBDI ïVJE QIBTF CZ NFBOT PG B $IFCZTIFW QTFV
EPTQFDUSBM DPEF XSJUUFO JO ."5-"# QSPHSBNNJOH MBOHVBHF 'PS
CPUI ïVJET UIF îOJUF EPNBJO JT NBQQFE UP UIF TUBOEBSE JOUFSWBM
[−1,1] WJB B MJOFBS USBOTGPSNBUJPO ͳF %.4VJUF QBDLBHF PG <>
IBT CFFO VTFE JO PSEFS UP PCUBJO UIF EJTDSFUJ[FE EJëFSFOUJBM PQ
FSBUPST #PVOEBSZ DPOEJUJPOT PO QJQF XBMM BOE BYJT BSF FOGPSDFE
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
CZ UIF UFDIOJRVF PG SFQMBDJOH SPXT BOE JOUFSGBDF DPOEJUJPOT BSF
USFBUFE BT CPVOEBSZ DPOEJUJPOT GPS FBDI QIBTF
ͳF TQFDUSBM EJTDSFUJ[BUJPO PG UIF TQBUJBM PQFSBUPS JO FRVBUJPOT
IBT CFFO VTFE BMTP UP DPNQVUF UIF USBOTJFOU HSPXUI GVODUJPO G(t )
ͳF.BUSJY &YQPOFOUJBM UFDIOJRVF PG <> IBT CFFO FNQMPZFE CZ
BEBQUJOH UIFJS TDIFNFT UP UIF UXPïVJE ïPX DBTF 8IFSFBT UIF
MPOHUFSN CFIBWJPVS JT EPNJOBUFE CZ UIF MFBTUTUBCMF FJHFONPEF
POMZ B TFU PG FJHFONPEFT JT JOWPMWFE JO UIF JOJUJBM JODSFBTF PG FO
FSHZ EFOTJUZ 5P CF TVSF PG HFU UIF SFBM WBMVF PG UIJT BNQMJîDBUJPO
B DPOWFSHFODF DIFDL CBTFE PO UIF WBMVF PG GÿóĊ UIF NBYJNVN
WBMVF PG UIF USBOTJFOU HSPXUI DVSWF IBT CFFO JNQMFNFOUFE JO UIF
VTFE DPEF ͳF OVNCFS PG UIF FJHFOGVODUJPOT UBLFO UP DPNQVUF
G(t ) Nf  JODSFBTFT UJMM UIF EJëFSFODF CFUXFFO UIF WBMVF PG GÿóĊ PG
UIF QSFWJPVT BOE UIF MBTU DBMDVMBUJPO JT MFTT UIBO B îYFE UPMFSBODF
WBMVF (GÿóĊ(new)−GÿóĊ(old)) < 0.00001 ͳF DPOWFSHFODF JT
BMXBZT SFBDIFE XJUI Nf ≤ 80 ͳF FJHFOGVODUJPOT BSF TPSUFE XJUI
SFTQFDU UP UIF JNBHJOBSZ QBSU PG UIF BTTPDJBUFE FJHFOWBMVF "O
FYBNQMF PG UIF EFQFOEFODF PG GÿóĊ PO Nf JT TIPXO JO îH 














PG UIF NBYJNVN FOFSHZ
BNQMJîDBUJPO GÿóĊ PO UIF
OVNCFS Nf PG JODMVEFE
FJHFOGVODUJPOT ͳF VTFE
QBSBNFUFST BSF k = 0 n = 1
a =$2 Re2 = 3000 BOE
m = 0.75
ͳF TP DBMMFE PQUJNBM QFSUVSCBUJPO IBT CFFO DBMDVMBUFE WJB
4JOHVMBS 7BMVF %FDPNQPTJUJPO 	47%
 QSPDFEVSF 	TFF <>

ͳSFF EJëFSFOU WFSTJPOT PG UIF DPEF IBWF CFFO EFWFMPQFE CZ
NPEJGZJOH UIF TZTUFN PG FRVBUJPO  ͳF îSTU WFSTJPO PG UIF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
DPEF 	4×4 WFSTJPO
 SFTPMWFT UIF QSFWJPVT TZTUFN PG FRVBUJPOT JO
UIF WBSJBCMF u˜, v˜ , w˜ , p˜  UIF TFDPOE WFSTJPO 	3×3
 JT PCUBJOFE FMJNJ
OBUJOH UIF WBSJBCMF p˜ CZ NFBOT PG UIF Y.PNFOUVN FRVBUJPO UIF
MBTU WFSTJPO 	2×2
 JT PCUBJOFE FMJNJOBUJOH UIF UXP WBSJBCMF p˜ BOE
w˜ VTJOH SFTQFDUJWFMZ Y.PNFOUVN BOE UIF $POUJOVJUZ FRVBUJPOT
" DPOWFSHFODF TUVEZ IBT CFFO QFSGPSNFE GPS UIFTF DPEFT GPS
NPTU PG UIF DPNQVUBUJPOT B UPUBM OVNCFS PG 170 DPMMPDBUJPO QPJOUT
IBT CFFO BEPQUFE BOE BO BE IPD QSPDFEVSF IBT CFFO EFWFMPQFE JO
PSEFS UP TQMJU UIF UPUBM OVNCFS PG DPMMPDBUJPO QPJOUT CFUXFFO UIF
UXP QIBTFT EFQFOEJOH PO UIF WBMVFT PG a BOEm



















martedì 12 febbraio 13
'JHVSF  (SPXUI 3BUF BT
GVODUJPO PG UIF XBWFOVN
CFS k GPS a = 1.43m = 0.5
Re1 = 26.42 J = 0 ͳF
UISFF DVSWFT IBWF CFFO
DPNQVUFE CZ NFBOT PG
EJëFSFOU WFSTJPOT PG UIF
VTFE DPEF *O UIF JOTFU B
[PPN PG UIF BSFB 0≤ k ≤ 1 JT
SFQPSUFE
ͳF WBMJEBUJPO PG FBDI DPEF IBT CFFO DBSSJFE PVU SFQSPEVDJOH
UIF NBYJNVN HSPXUI SBUF DVSWF SFQPSUFE JO îH 2 PG 1SF[JPTJ
FU BM <> *O îH  JU JT QPTTJCMF UP OPUJDF UIBU UIF 3× 3 WFSTJPO
PG UIF DPEF JT UIF POF UIBU CFTU îU UIF SFTVMUT PG CPUI UIF PUIFST
UXP UIF 2× 2 BDIJFWFT SFMJBCMF SFTVMUT GPS k > 1 XIJMF UIF 4×
4 JT PG IJHI BDDVSBDZ GPS k → 0 ͳJT JT EVF UP UIF NBYJNVN
PSEFS PG EFSJWBUJWF QSFTFOU JO UIF TZTUFN PG FRVBUJPOT VTFE JO UIF
DPEFT UIF NPSF UIF EFSJWBUJWF PSEFS JT IJHI UIF NPSF TJHOJîDBOU
BDDVSBDZ FSSPST NBZ BQQFBS 'PS FYBNQMF JO UIF 2×2 DPEF XF îOE
GPSUIEFHSFF EFSJWBUJWFT BOE GPS UIJT SFBTPO BMUIPVHI UIJT DPEF JT
UIF CFTU POF JO UFSNT PG DPNQVUBUJPO UJNF UIF 3×3 JT UIF NPSF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
DPOWFOJFOU DPODFSOJOH BDDVSBDZ
 /PONPEBM JOǃBCJMJǋ PG $PSF"OOVƾS 'MPX
*O PSEFS UP DPNQBSF UIF SFTVMUT PG UIJT TFDUJPO XJUI UIF TUBOEBSE
TJOHMF ïVJE ïPX JO B QJQF XF VTF B NFBO 3FZOPMET OVNCFS EF
îOFE BT Rem = ρW0R2µ XIFSF µ=
R21µ1+(R22−R21 )µ2
R22
 " TJNJMBS SFMBUJPO
IPMET GPS ρ
'JSTUMZ TPNF JMMVTUSBUJWF FYBNQMF PG FJHFOWBMVF TUBCJMJUZ BOBMZTJT
BSF DPOTJEFSFE GPS UXP UZQJDBM DPOîHVSBUJPOT
ͳF NPTU VOTUBCMF HSPXUI SBUF JT SFQPSUFE JO îHT  BOE 
BT B GVODUJPO PG BYJBM XBWFOVNCFS k BOE PG 3FZOPMET OVNCFS GPS
UIF DBTFTm = 0.5 BOE a = 1.15 	îH 
 BOEm = 0.75 BOE a =$2
	îH 
 BOE GPS UIF îSTU GPVS B[JNVUIBM NPEFT n = 0,1,2,3
ͳFTF îHT TIPX UIF NBYJNVN HSPXUI SBUF JO GVODUJPO PG CPUI
UIF FYUFSOBM 3FZOPMET OVNCFS Re2 	SJHIU WFSUJDBM TDBMF
 BOE PG UIF
NFBO 3FZOPMET OVNCFS Rem 	MFGU WFSUJDBM TDBMF
 ͳF DPOUJOVPVT
CMBDL MJOF DPSSFTQPOET UP UIF NBSHJOBM TUBCJMJUZ ͳF DBTF SFMBUJWF
UP îH  JT SFQSFTFOUBUJWF PG B OBSSPX HBQ QIZTJDBM TJUVBUJPO XIJMF
UIBU PG îH  JT SFMBUJWF UP BO FRVBM WPMVNF ïVY DPOîHVSBUJPO
0OF NBZ TFF UIBU QBTTJOH GSPN UIF OBSSPX HBQ UP UIF XJEF
HBQ DBTF QSPEVDFT B SFNBSLBCMF DIBOHF JO UIF UPQPMPHZ PG UIF
VOTUBCMF SFHJPO ͳF OBSSPX HBQ DBTF JT NPSF TUBCMF JO UIF TFOTF
UIBU UIFSF BSF SBOHFT PG MPX 3FZOPMET OVNCFST JO XIJDI UIF ïPX JT
TUBCMF GPS BMM XBWFOVNCFST XIJMF JO UIF XJEF HBQ DBTF B 3FZOPMET
JOEFQFOEFOU JOTUBCJMJUZ JT EFUFDUFE XIJDI JT DPOîOFE POMZ UP
BYJTZNNFUSJD EJTUVSCBODFT 	n = 0
 BOE BëFDUT MPOH XBWFT 	k < 1

/PUF UIBU JO CPUI DBTFT UIF NBYJNVN HSPXUI SBUF 	SFMBUFE UP
UIF TPDBMMFE JOUFSGBDJBM NPEF BU MFBTU JO UIF VOTUBCMF SFHJPOT
 JT
RVJUF TNBMM JO UIF EJNFOTJPOMFTT VOJUT FNQMPZFE IFSF TDBMFE CZ
W0/R1 'PS UIJT UZQF PG ïPX B HFOFSBMJ[FE DBQJMMBSZ JOTUBCJMJUZ
	JF B DBQJMMBSZ JOTUBCJMJUZ NPEJîFE CZ TIFBS
 BëFDUJOH WFSZ MPX
3FZOPMET OVNCFST BOE MPOH XBWFT JT BMSFBEZ EPDVNFOUFE CZ QSF
WJPVT SFTFBSDIFS 	GPS FYBNQMF îHT  PG <>
 *O UIF QSFTFOUFE
DPNQVUBUJPOT UIJT JOTUBCJMJUZ JT PVU PG UIF SBOHF PG 3FZOPMET OVN
CFS EJTDVTTFE JO îH  XIJMF JO îH  JU NFSHFT XJUI UIF VQQFS
CSBODI PG VOTUBCMF NPEFT
ͳF SFTVMUT PG OPONPEBM BOBMZTJT PG UIF DBTF SFMBUJWF UP îH 
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
n=0 n=1
n=2 n=3
venerdì 8 febbraio 13
'JHVSF  .BYJNVN
HSPXUI SBUF PG UIF NPTU
VOTUBCMF EJTUVSCBODFT BT B
GVODUJPO PG BYJBM XBWFOVN
CFS L BOE 3FZOPMET OVNCFS





venerdì 8 febbraio 13
'JHVSF  .BYJNVN
HSPXUI SBUF PG UIF NPTU
VOTUBCMF EJTUVSCBODFT BT B
GVODUJPO PG BYJBM XBWFOVN
CFS L BOE 3FZOPMET OVNCFS
m = 0.75 a =$2 	'SPN
<>

ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
BSF SFQPSUFE GPS B[JNVUIBM XBWFOVNCFST n = 1 BOE 2 JO îH 
ͳF DPMPSNBQ JT SFMBUJWF UP UIF OBUVSBM MPHBSJUIN PG UIF NBYJNVN
WBMVF GÿóĊ BUUBJOFE CZ UIF HSPXUI GVODUJPO PWFS EJëFSFOU WBMVFT
PG k BOE PG 3FZOPMET OVNCFS ͳF CMBOL BSFBT JO UIJT îHVSF BOE
JO UIF TVCTFRVFOU îH  BSF SFMBUJWF UP SFHJPOT JO XIJDI BO
FYQPOFOUJBM JOTUBCJMJUZ JT QSFTFOU GPS XIJDI GÿóĊ JT JOîOJUF 'PS
UIJT QBSUJDVMBS OBSSPX HBQ DBTF UIF MFWFM PG FOFSHZ BNQMJîDBUJPO
PG BYJTZNNFUSJD EJTUVSCBODFT 	n = 0
 BT XFMM BT PG EJTUVSCBODFT
IBWJOH IJHIFS B[JNVUIBM XBWFOVNCFST 	OPU TIPXO IFSFJO
 JT
RVJUF TNBMM BOE IFODF UIF DBTFT n = 1 BOE 2 IBWF CFFO TFMFDUFE
BT UIF NPTU EBOHFSPVT GSPN UIF QPJOU PG WJFX PG UIF USBOTJFOU
BNQMJîDBUJPO PG EJTUVSCBODFT
























0 1 2 3 4 5 6 'JHVSF  /BUVSBM MPH
BSJUIN PG NBYJNVN
OPONPEBM BNQMJîDBUJPO PG
FOFSHZ GÿóĊ BT B GVODUJPO
PG BYJBM XBWFOVNCFS L
BOE PG 3FZOPMET OVNCFS
m = 0.5 a = 1.15 	'SPN
<>

*U JT FWJEFOU UIBU MPOH XBWFT BSF BëFDUFE CZ TJHOJîDBOU USBOTJFOU
BNQMJîDBUJPO XIJDI JODSFBTFT CZ JODSFBTJOH 3FZOPMET OVNCFS
IPXFWFS UIF SFHJPOT JO XIJDI UIF USBOTJFOU HSPXUI JT IJHIFS BSF
BMTP SFHJPOT PG FJHFOWBMVF JOTUBCJMJUZ BU EJëFSFOU BYJBM XBWFOVN
CFST "T BMSFBEZ EJTDVTTFE UIF HSPXUI SBUFT PG UIFTF FYQPOFOUJBM
JOTUBCJMJUZ JT RVJUF MPX BOE IFODF POF NBZ DPOKFDUVSF UIBU JO TPNF
TJUVBUJPOT UIF BMHFCSBJD HSPXUI PG BTZNQUPUJDBMMZ TUBCMF MPOH XBWFT
EJTUVSCBODFT DBO CF GBTU FOPVHI UP PWFSDPNF UIF TMPX FYQPOFOUJBM
HSPXUI PG FOFSHZ PG VOTUBCMF EJTUVSCBODFT BU TIPSU UJNFT .PSF
PWFS B UIJSE FëFDU TIPVME CF DPOTJEFSFE OPONPEBM NFDIBOJTNT
DBO BëFDU BMTP UIF FWPMVUJPO PG FYQPOFOUJBMMZ VOTUBCMF NPEFT BU
TIPSU UJNFT FOIBODJOH UIFJS HSPXUI JO B USBOTJFOU QFSJPE CFGPSF
UIF FYQPOFOUJBM HSPXUI TFUT JO *O UIJT TJUVBUJPO UIF QIZTJDBM SFM
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
FWBODF PG USBOTJFOU HSPXUI FëFDUT IBT UP CF DBSFGVMMZ EJTDVTTFE
BOE IFSFBGUFS B DPNQBSJTPO PG FOFSHZ FWPMVUJPO CFUXFFO EJëFSFOU
QFSUVSCBUJPOT PCUBJOFE VOEFS UIF DPNCJOFE FëFDU PG NPEBM BOE
OPONFUBM NFDIBOJTN JT TIPXO JO îH 





























m = 0.5 'JHVSF  &OFSHZ BNQMJ
îDBUJPOT PG EJëFSFOU QFS
UVSCBUJPO GPS Rem = 2000
a = 1.15 BOE UXP EJëFSFOU
WJTDPTJUZ SBUJPT m = 0.25
BOEm = 0.5 *O CPUI îHVSFT
UIF TPMJE CMVF MJOF SFQSF
TFOUT UIF USBOTJFOU FOFSHZ
HSPXUI PG UXP BTZNQUPUJ
DBMMZ VOTUBCMF EJTUVSCBODF
	k = 2 n = 1
 XIPTF HSPXUI
SBUF JT SFQPSUFE BT B EPUUFE
MJOF #MBDL BOE SFE MJOFT
SFQSFTFOU UIF USBOTJFOU
HSPXUI PG UXP BTZNQUPU
JDBMMZ TUBCMF EJTUVSCBODFT
GPSm = 0.25 k = 0.001 n = 1
	CMBDL MJOF
 BOE k = 0.001
n = 2 	SFE MJOF
 GPSm = 0.5
k = 0.01 n = 1 	CMBDL MJOF





*O UIJT îHVSF UXP UZQJDBM TJUVBUJPOT SFMBUJWF UP Rem = 2000 BOE
m = 0.25 BOEm = 0.5 BSF EFQJDUFE *O UIF MPXFS WJTDPTJUZ SBUJP
DBTF 	MFGU îHVSF
 BMUIPVHI UIF FYQPOFOUJBM JOTUBCJMJUZ PG k = 2 n = 1
EJTUVSCBODF 	CMVF MJOF
 IBT B RVJUF MPX HSPXUI SBUF 	ωi = 0.025
 JU
JT BëFDUFE CZ OPO OPSNBMJUZ PG UIF HPWFSOJOH PQFSBUPS JO TVDI B
XBZ UIBU BU TIPSU UJNFT JU SFBDIFT IJHIFS MFWFMT PG FOFSHZ XIJDI BSF
DPNQBSBCMF UP QVSFMZ BMHFCSBJDBMMZ HSPXUI PG BTZNQUPUJDBMMZ TUBCMF
EJTUVSCBODFT GPS k = 0.001 n = 1 	CMBDL MJOF
 BOE GPS k = 0.001
n = 2 	SFE MJOF
 *O UIF SJHIU îHVSF UIF FëFDUT PG OPO OPSNBMJUZ
PO UIF VOTUBCMF EJTUVSCBODF k = 0.01 n = 1 BSF MFTT QSPOPVODFE
BOE BTZNQUPUJDBMMZ TUBCMF MPOH XBWF EJTUVSCBODFT BSF BCMF UP
BDDVNVMBUF FOFSHZ NPSF FðDJFOUMZ BU TIPSU UJNFT BSF PCTFSWFE
ͳF SFTVMUT PG OPONPEBM BOBMZTJT GPS UIF DBTF PG îH  BSF
SFQPSUFE JO îH  4JHOJîDBOU USBOTJFOU HSPXUIT PDDVS GPS BMM IF
MJDBM NPEFT 	n ≥ 1
 BOE BëFDU MPOH BOE NJESBOHF XBWFOVNCFST
XIJMF GPS BYJTZNNFUSJD EJTUVSCBODFT UIF OPO NPEBM BNQMJîDBUJPO
JT QSBDUJDBMMZ OFHMJHJCMF ͳJT TJUVBUJPO JT EJëFSFOU GSPN UIF QSFWJ
PVT POF TJODF UIF SFHJPO PG FYQPOFOUJBM JOTUBCJMJUZ JT OPX QSFTFOU
POMZ GPS BYJTZNNFOUSJD EJTUVSCBODFT GPS XIJDI GÿóĊ MFWFMT BSF
RVJUF MPX 	UIF NBYJNVN CFJOH BSPVOE 10
 )FODF UIF FYQPOFO
UJBM JOTUBCJMJUZ JT FYQFDUFE UP QMBZ B NJOPS JOïVFODF BU TIPSU UJNF
JOTUBOUT XIFO IJHIFS MFWFMT PG BNQMJîDBUJPO TIPVME CF SFBDIFE CZ
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
'JHVSF  /BUVSBM MPHB
SJUIN PG NBYJNVN BNQMJî
DBUJPO PG FOFSHZ GÿóĊ BT B
GVODUJPO PG BYJBM XBWFOVN
CFS L BOE PG 3FZOPMET
OVNCFS m = 0.75 a =$2
	'SPN <>

OPOTZNNFUSJD EJTUVSCBODFT GPS XIJDI OPONPEBM NFDIBOJTNT
BSF FëFDUJWF
ͳF NBJO RVFTUJPO BSJTJOH JO UIJT TJUVBUJPO JT JG UIF OPONPEBM
NFDIBOJTN PG OPO BYJTZNNFUSJD B[JNVUIBM XBWFOVNCFST JT
BCMF UP ZJFME MFWFMT PG FOFSHZ BNQMJîDBUJPO TVðDJFOUMZ IJHI UP
CSFBL VQ UIF ïPX CFGPSF UIF TMPX FYQPOFOUJBM JOTUBCJMJUZ BëFDUJOH
BYJTZNNFUSJD EJTUVSCBODFT TFUT JO ͳJT RVFTUJPO DBOOPU CF
BOTXFSFE CZ DPOTJEFSJOH UIF WBMVFT PG GÿóĊ BMPOF BT JU JT EPOF
JO îHT  BOE  CFDBVTF UIFZ EP OPU HJWF BOZ JOGPSNBUJPO PO
UIF UJNFT BU XIJDI UIF NBYJNVN FOFSHZ BNQMJîDBUJPO PDDVST
ͳF WBMVFT PG UIF FOFSHZ BNQMJîDBUJPO G(t ) BT B GVODUJPO PG
UJNF U BSF SFQPSUFE JO îH  GPS UIF VTVBM B[JNVUIBM BOE BYJBM
XBWFOVNCFST BOE UIF TBNF QBSBNFUFST PG îH  BU UIF îYFE
WBMVF PG 3FZOPMET OVNCFS Rem = 3000 ͳF IPSJ[POUBM MJOF EF
QJDUFE JO UIF VQQFS MFGU QBOFM PG UIF îHVSF 	SFMBUJWF UP n = 0

JOEJDBUFT UIF DSJUJDBM XBWFOVNCFS TFQBSBUJOH FYQPOFOUJBMMZ TUBCMF
BOE VOTUBCMF EJTUVSCBODFT ͳF SFHJPO CFMPX UIJT MJOF SFQSFTFOUT
FOFSHZ BNQMJîDBUJPOT EVF UP VOTUBCMF EJTUVSCBODFT XIJDI BSF
HPJOH UP HSPX NPOPUPOJDBMMZ JO UJNF *O BMM UIF PUIFS DBTFT UIF
FOFSHZ BNQMJîFT USPVHI B USBOTJFOU OPONPEBM NFDIBOJTN BOE
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
'JHVSF  /BUVSBM
MPHBSJUIN PG FOFSHZ BN
QMJîDBUJPO ( BT B GVODUJPO
PG OPOEJNFOTJPOBM UJNF U
BOE PG BYJBM XBWFOVNCFS
L m = 0.75 a =$2 BOE
Rem = 3000 ͳF TPMJE






IFODF UIF HSPXUI GVODUJPO JT HPJOH UP EFDBZ BT UJNF JODSFBTFT *O
GBDU îH  TIPXT UIBU BU JOUFSNFEJBUF UJNFT UIF IJHIFTU MFWFMT
PG FOFSHZ BNQMJîDBUJPO 	VQ UP 400
 BSF SFBDIFE CZ TUBCMF TQJSBM
EJTUVSCBODFT IBWJOH MPOH XBWFT 	k 7 1
 XFMM CFGPSF UIF TMPX
FYQPOFOUJBMMZ VOTUBCMF BYJTZNNFUSJD EJTUVSCBODFT SFBDI B TVð
DJFOUMZ IJHI BNQMJUVEF ͳJT TJUVBUJPO IBT CFFO FODPVOUFSFE BMTP
BU EJëFSFOU WBMVFT PG 3FZOPMET OVNCFS BOEm
*O PSEFS UP HJWF TPNF JOTJHIUT PO UIF PCTFSWBCMF TUSVDUVSFT JO
SFBM ïPXT UIF BOBMZTJT PG UIF TPDBMMFE PQUJNBM QFSUVSCBUJPOT JT
DPOTJEFSFE *U JT XPSUI UP SFDBMM UIBU UIF PQUJNBM QFSUVSCBUJPOT BSF
EFîOFE BT UIF JOJUJBM QFSUVSCBUJPOT PG WFMPDJUZ BOE EJTQMBDFNFOU
WBSJBCMFT UIBU VOEFSHP UIF NBYJNVN WBMVF PG UIF HBJO GVODUJPO
G(t ) BOE IFODF FYQFSJFODF UIF NBYJNVN FOFSHZ BNQMJîDBUJPO
EVSJOH UIFJS UJNF FWPMVUJPO 0VS BOBMZTJT GPDVTFT PO UIF QBSUJDVMBS
DBTF PG SBEJVT SBUJP a =$2 BOE NFBO 3FZOPMET OVNCFS PG 2500
ͳF TUSVDUVSFT PG UIF PQUJNBM QFSUVSCBUJPO JO UIF r θ QMBOF BSF
SFQPSUFE JO îH  GPS UIF DBTF n = 1 BOE GPS UXP WBMVFT PG UIF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
WJTDPTJUZ SBUJP 	m = 0.9 BOEm = 0.3
 BOE PG UIF BYJBM XBWFOVNCFS
	k = 0.01 BOE k = 1
 ͳF SFE DJSDVNGFSFODFT TIPX UIF MPDBUJPO
PG UIF VOQFSUVSCFE JOUFSGBDF ͳF WBMVFT PGm BOE k IBWF CFFO
DIPTFO XJUI UIF GPMMPXJOH NPUJWBUJPOT ͳF UXP DBTFTm = 0.9
BOEm = 0.3 IJHIMJHIU UIF EJëFSFODFT CFUXFFO QSFTFOU SFTVMUT
BOE UIF DMBTTJDBM SFTVMUT PG OPONPEBM JOTUBCJMJUZ PG UIF )1 ïPX
PG B TJOHMF ïVJE JO B QJQF 	m = 1
 ͳF TUSVDUVSF PG UIF PQUJNBM
QFSUVSCBUJPOT JO UIJT QBSUJDVMBS TJOHMF QIBTF DPOîHVSBUJPO 	 TFF
4DINJE BOE )FOOJOHTPO <>
 JT WFSZ TJNJMBS UP UIF DBTFm = 0.9
JMMVTUSBUFE JO UIF MFGU DPMVNO PG îH  0O UIF PUIFS IBOE UIF
UXP WBMVFT k = 0.01 BOE k = 1 BSF SFMBUJWF UP UXP EJëFSFOU BNQMJ
îDBUJPO NFDIBOJTNT UIF GPSNFS 	k = 0.01
 JT QFSUJOFOU UP QMBOBS
EJTUVSCBODFT BOE JT BMSFBEZ QSFTFOU JO UIF TJOHMF ïVJE 	QMBOBS
EJTUVSCBODFT IBWF CFFO TIPXO UP CF UIF NPTU EBOHFSPVT QFSUVSCB
UJPOT JO UIF OPONPEBM BNQMJîDBUJPO GPS )1 ïPX
 XIJMF UIF MBUUFS
	k = 1
 JT SFMBUJWF UP B OFX NFDIBOJTN PG FOFSHZ BNQMJîDBUJPO
XIJDI JT QFDVMJBS PG UXPïVJE ïPXT BT XJMM CF CSJFïZ EJTDVTTFE
IFSFBGUFS
ͳF PQUJNBM QFSUVSCBUJPO GPS k = 0.01 SFNBJOT CBTJDBMMZ VO
DIBOHFE CPUI JO UIF iBMNPTUTJOHMFïVJEw DBTFm = 0.9 BOE JO
UIF GVMM UXPïVJE DBTFm = 0.3 ͳJT JOEJDBUFT UIBU UIF MPOHXBWF
NFDIBOJTN PG FOFSHZ BNQMJîDBUJPO FODPVOUFSFE JO UIF UXPïVJE
TZTUFN JT CBTJDBMMZ UIF TBNF BT UIF UZQJDBM POF QSFTFOU JO UIF
TJOHMFïVJE ïPX OBNFMZ B iMJGUVQw NFDIBOJTN PG TUSFBNXJTF WPS
UJDFT HFOFSBUJOH TUSFBNXJTF TUSFBLT 0O UIF DPOUSBSZ UIF PQUJNBM
QFSUVSCBUJPO SFMBUJWF UP k = 1 GPS UIF DBTFm = 0.9 IBT B EJëFSFOU
OBUVSF TJODF JU ESBNBUJDBMMZ DIBOHFT XIFO UIF WJTDPTJUZ SBUJP JT
SFEVDFE UP UIF WBMVFm = 0.3 ͳVT UIF FOFSHZ BNQMJîDBUJPO EVF
UP UIF OPOOPSNBM DIBSBDUFS PG UIF MJOFBSJ[FE UXPïVJE PQFSBUPS
BU NPEFSBUF XBWFOVNCFST 	FH UIF DBTF n = 1 k ≈ 1
 JT QFDVMJBS
PG UIF UXPïVJE TZTUFN BOE UIF QFSUVSCBUJPOT UIBU FYQFSJFODF UIF
NBYJNVN USBOTJFOU BNQMJîDBUJPOT BSF PG ASJOH UZQF XJUI NPTU
PG UIF TUSVDUVSF DPOîOFE XJUIJO UIF BOOVMBS SFHJPO PG UIF MFTT
WJTDPVT ïVJE
*O PSEFS UP IJHIMJHIU UIF EJëFSFODFT BOE UIF TJNJMBSJUJFT CF
UXFFO UIF $"' BOE UIF )BHFBO1PJTFVJMMF ïPX UIF FëFDU PG
WJTDPTJUZ SBUJP PO GÿóĊ BSF TIPX JO îH  ͳF WJTDPTJUZ SBUJP
JT JODSFBTFE GSPN 0.1 	CMBDL MJOF
 UP 0.7 	SFE MJOF
 ͳF QSFTFODF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
n=1, k=0.01, m=0.9 n=1, k=0.01, m=0.3
n=1, k=1, m=0.9 n=1, k=1, m=0.3
venerdì 8 febbraio 13
'JHVSF  4FMFDUFE
PQUJNBM QFSUVSCBUJPOT JO
UIF r −θ QMBOF a =$2 BOE
Rem = 2500 -FGU DPMVNO
m = 0.9 SJHIU DPMVNO
m = 0.3 	'SPN <>

PG UXP [POFT PG IJHI USBOTJFOU HSPXUI JT DMFBSMZ WJTJCMF FTQFDJBMMZ
GPS UIF TNBMMFS WBMVFT PGm BU n = 1 	SFNFNCFS UIBU TNBMMm JN
QMJFT B TUSPOH EJTDPOUJOVJUZ JO îSTU EFSJWBUJWF PG UIF CBTF ïPX
 UIF
îSTU POF JT DIBSBDUFSJ[FE CZ MPOH XBWFT UZQJDBM USBOTJFOU HSPXUI
GPVOE JO TJOHMFïVJE QJQF ïPX 	 BT KVTU TBJE SFGFSSFE UP îH 

UIF TFDPOE POF JT DIBSBDUFSJ[FE CZ k > 1 ͳFTF MBUUFS USBOTJFOU
QIFOPNFOB BSF QFDVMJBS PG UXPïVJE QJQF ïPX BOE JO FëFDU
JODSFBTJOHm UIF WBMVFT PG UIF FOFSHZ BNQMJîDBUJPO PG UIFTF EJT
UVSCBODFT EFDSFBTF "OZXBZ BMTP GPS $"' UIF IJHIFTU MFWFM PG
FOFSHZ BSF SFBDIFE CZ UIF MPOH XBWF NFDIBOJTNT GPS n = 1
5P TVQQPSU UIF TJNJMBSJUJFT CFUXFFO UXPïVJE BOE TJOHMF ïVJE
ïPX JO QJQFT UIF EJTUSJCVUJPO BOE UIF SFMBUJWF GSBDUJPOT PG UPUBM
FOFSHZ BNPOH TUSFBNXJTF SBEJBM BOE B[JNVUIBM WFMPDJUZ DPN
QPOFOUT PG UIF UXP PQUJNBM QFSUVSCBUJPOT TIPXO JO îH  GPS
m = 0.3 IBWF CFFO DPNQVUFE BOE SFQPSUFE JO îH  "T TIPXO
CZ #FSHTUSPN <> GPS UIF TJOHMFQIBTF ïPX 	IJT SFTVMUT BSF SFQSF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
















 'JHVSF  -PHBSJUIN
JO CBTF UFO PG NBYJNVN
OPONPEBM BNQMJîDBUJPO
FOFSHZ GÿóĊ BT B GVODUJPO
PG UIF BYJBM XBWFOVNCFS k
GPS Rem = 2500  UXP WBMVFT
PG n BOE GPVS EJëFSFOU
WJTDPTJUZ SBUJPT m = 0.1
	CMBDL MJOF
 m = 0.3 	CMVF
MJOF
m = 0.5 	HSFFO MJOF

BOEm = 0.7 	SFE MJOF

TFOUFE CZ UIF EPUUFE MJOFT
 GPS k = 0.01 BU t = 0 BMNPTU BMM FOFSHZ
JT JO UIF B[JNVUIBM BOE SBEJBM DPNQPOFOUT 	SFTQFDUJWFMZ UIF SFBE
BOE CMVF MJOFT
 XIJMF OFHMJHJCMF FOFSHZ JT JO UIF TUSFBNXJTF DPN
QPOFOU 8IFO t JT JODSFBTFE UIF TUSFBNXJTF DPNQPOFOU TUBSUT UP
EPNJOBUF SBQJEMZ UIJT JT UIF POMZ DPNQPOFOU UIBU HSPXT GPS TNBMM
k  'PS k = 1 BMNPTU BMM UIF BNQMJîDBUJPO JT SFMBUFE UP UIF TUSFBN
XJTF DPNQPOFOU UPP CVU IFSF BMTP UIF PUIFS DPNQPOFOUT FYIJCJU
BO BNQMJîDBUJPO GSPN UIFJS JOJUJBM WBMVFT FTQFDJBMMZ UIF B[JNVUIBM
POF ͳFTF SFTVMUT TIPX UIBU UIF FOFSHZ EJTUSJCVUJPO CFUXFFO UIF
WFMPDJUZ DPNQPOFOUT IBT CBTJDBMMZ UIF TBNF CFIBWJPS CPUI JO $"'
BOE JO )1 ïPX
5P JOWFTUJHBUF UIF EFQFOEFODF PO UIF UJNF BU XIJDI B QFSUVS
CBUJPO BDIJFWFT JUT NBYJNVN QPTTJCMF FOFSHZ BNQMJîDBUJPO JOJUJBM
EJTUVSCBODFT SFBDIJOH UIFJS PQUJNBM BNQMJîDBUJPO BU DIPTFO UJNFT
t0 IBWF CFFO DPNQVUFE 	t0 BSF EJëFSFOU GSPN tÿóĊ UIF UJNF DIBS
BDUFSJ[JOH GÿóĊ 
 3FDBMM UIBU BU UJNF t = t0 UIF DVSWFT EJTQMBZJOH
UIF FOFSHZ EFOTJUZ PG UIFTF QBSUJDVMBS JOJUJBM EJTUVSCBODFT BSF UBO
HFOU UP UIF NBYJNVN HSPXUI DVSWF *O îH  UIF NBYJNVN
HSPXUI DVSWF GPS Rem = 2500m = 0.3 a =
$
2 n = 1 BOE UXP
EJëFSFOU WBMVFT PG k  k = 0.01 BOE k = 1 	TFF UIF PQUJNBM QFSUVS
CBUJPO JO UIF SJHIU DPMVNO PG îH 
 BSF SFQPSUFE CZ UIF CMBDL
EBTIFE MJOFT XIJMF UIF CMVF MJOFT SFQSFTFOU UIF FOFSHZ FWPMVUJPO PG
TPNF JOJUJBM QFSUVSCBUJPOT UBOHFOU BU UIF NBYJNVN HSPXUI DVSWF
JO UIF QPJOUT NBSLFE CZ UIF SFE EPUT ͳF SFTVMUT TIPXO JO UIJT îH
MFBE UP UIF DPODMVTJPO BMSFBEZ EJTDVTTFE GPS )1 ïPX JO <> UIBU
GPS B EJTUVSCBODF BMNPTU UXPEJNFOTJPOBM 	n = 1 BOE k = 0.01
 UIF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą


































































GSBDUJPOT PG UPUBM FOFSHZ
GPS EJëFSFOU DPNQPOFOUT
PG WFMPDJUZ GPS $"' BU
Rem = 2500m = 0.3
BOE a = $2 	TPMJE MJOF

BOE GPS )BHFO1PJTFVJMMF
ïPX BU Re = 2500 ͳF
DPNQVUBUJPO SFGFST UP UXP
EJëFSFOU EJTUVSCBODF BU
n = 1 k = 0.01 BOE k = 1
ͳF CMBDL MJOF SFQSFTFOUT
UIF BYJBM DPNQPOFOU PG
WFMPDJUZ BOE UIF SFE BOE
UIF CMVF MJOFT SFQSFTFOU
SFTQFDUJWFMZ UIF B[JNVUIBM
BOE SBEJBM POFT ͳF FOFSHZ
BTTPDJBUFE UP TVSGBDF
UFOTJPO JT OPU SFQPSUFE
TJODF JU JT OFHMJHJCMF
TIBQF PG BOZ JOJUJBM QFSUVSCBUJPOT JT WFSZ TJNJMBS UP UIF POF PG UIF
PQUJNBM QFSUVSCBUJPO GPS XIJDI t0 = tÿóĊ 0O UIF PUIFS IBOE GPS
B UISFFEJNFOTJPOBM EJTUVSCBODF 	n = 1 BOE k = 1
 UIF DIPJDF PG
t0 JOïVFODFT NVDI UIF FWPMVUJPO PG UIF JOJUJBM QFSUVSCBUJPOT UIF
DVSWFT SFQSFTFOUJOH UIFJS FOFSHZ EFOTJUZ JO îH  IBWF JOEFFE B
TIBQF EJëFSFOU GSPN UIF NBYJNVN HSPXUI DVSWF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 








































HSPXUI DVSWF 	EBTIFE CMBDL
MJOF
 BOE FOFSHZ BNQMJî
DBUJPO PG EJëFSFOU JOJUJBM
EJTUVSCBODFT 	CMVF MJOFT

UBOHFOU BU UIF NBYJNVN
HSPXUI DVSWF BU UJNFT
NBSLFE CZ UIF SFE EPUT
GPS Rem = 2500 m = 0.3
a =$2 n = 1 BOE k = 0.01
	PO UIF MFGU
 BOE k = 1 	PO
UIF SJHIU

 $PNQBSJTPO XJǄ FYQFSJNFOUT
*O MJHIU PG UIF SFTVMUT PO USBOTJFOU HSPXUI JO $"' EJTDVTTFE JO UIF
QSFWJPVT TFDUJPO B SFWJFX PG UIF TUBCJMJUZ BOBMZTJT NBEF CZ 1SF[JPTJ
FU BM <> 	1$+
 CBTFE PO UIF FYQFSJNFOUBM QBQFS PG <> 	$()

JT QSFTFOUFE IFSF $() JEFOUJîFE B XJOEPX PG QBSBNFUFST UIBU
BTTVSF UIF TUBCJMJUZ PG $"' UP TNBMM EJTUVSCBODFT CVU UIFZ BMTP
PCTFSWFE UXP EJëFSFOU UZQF PG ïPX JOTUBCJMJUZ TPNF TJUVBUJPOT JO
XIJDI UIF JOUFSGBDF PG $"' CSFBLT VQ JOUP CVCCMF BOE TMVHT BOE
PUIFST DIBSBDUFSJ[FE CZ FNVMTJîDBUJPOT PS XBUFS ESPQT JO UIF PJM
ͳF BOBMZTJT PG 1$+ DBO FYQMBJO UIF îSTU LJOE PG UIF PCTFSWFE ïPX
QBUUFSO BT B SFTVMU PG B MPOH XBWF JOTUBCJMJUZ EVF UP TVSGBDF UFOTJPO
	DBQJMMBSZ JOTUBCJMJUZ
 BOE UIF TJ[F PG CVCCMFT BOE TMVHT BSF HJWFO
CZ UIF XBWFMFOHUI PG UIF GBTUFTU HSPXJOH XBWF ͳF TFDPOE UZQF
PG $"' JOTUBCJMJUZ WJTJCMF JO UIF FYQFSJNFOUT 1,5,6,9 BOE 10 PG
$() JT VOFYQMBJOFE CZ 1$+ BT UIFZ TUBUF JO UIFJS QBQFS i<y>ͳF
TNBMMFS XBUFS CVCCMFT TIPXO JO &YQFSJNFOUT  BOE  BOE UIF PJM
CVCCMFT JO &YQFSJNFOU  BSF VOFYQMBJOFE CZ UIJT BOBMZTJT ͳFZ
DPVME BSJTF BT B SFBDUJPO UP UVSCVMFODF JO UIF XBUFS PS BT LJOE PG
TFDPOEBSZ JOTUBCJMJUZ PG TMVHTw
ͳF BUUFOUJPO JT GPDVTFE JO QBSUJDVMBS PO UIF FYQFSJNFOUT 6 9
BOE 10 ͳFTF FYQFSJNFOUT BSF BTZNQUPUJDBMMZ VOTUBCMF POMZ GPS
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
# a Re1 lexp lth ω
Ăõü
J ÿóĊ ωJ ÿóĊ
   >  310−3 310−3
    PS   310−4 310−4
     310−2 310−4
5BCMF  $PNQBSJTPO
CFUXFFO UIF FYQFSJNFOUT
PG <> IFSF DPOTJEFSFE
BOE UIF UIFPSZ ω ĂõüJ ÿóĊ
JT UIF NBYJNVN HSPXUI
SBUF SFQPSUFE CZ <> XIJMF
ωJ ÿóĊ JT UIF NBYJNVN
HSPXUI SBUF DBMDVMBUFE XJUI
PVS QTFVDPTQFDUSBM DPEF
VTJOH UIF (PMEFO 4FDUJPO
4FBSDI UFDIOJRVF XJUI B
10−4 UPMFSBODF UP îOE UIF
NBYJNVN BOE XJUI N = 170
BMMPDBUJPO QPJOUT
BYJTZNNFUSJD NPEFT n = 0 *O îH  UIF NBYJNVN HSPXUI SBUF
JT SFQPSUFE BT B GVODUJPO PG UIF BYJBM XBWFOVNCFS k  JU JT DMFBSMZ
WJTJCMF UIBU UIF NBYJNVN HSPXUI SBUFT JO QBSUJDVMBS DPODFSOJOH
UIF FYQFSJNFOUT 9 BOE 10 BSF WFSZ TNBMM JO UIF EJNFOTJPOMFTT
VOJUT FNQMPZFE IFSF O (10−4) TP UIFTF EJTUVSCBODFT OFFE B WFSZ
MPOH UJNF UP HSPX TJHOJîDBOUMZ




















HSPXUI SBUF PG UIF NPTU
VOTUBCMF BYJTZNNFUSJD
NPEFT BT B GVODUJPO PG
BYJBM XBWFOVNCFS k GPS UIF
DPOTJEFSFE FYQFSJNFOUT PG
<>
ͳF DPMPSNBQ JO îH  SFQPSUT UIF NPTU VOTUBCMF HSPXUI
SBUF BT B GVODUJPO PG BYJBM XBWFOVNCFS BOE PG 3FZOPMET OVNCFS
PG UIF DPSF GPS UIF FYQ 6 ͳF DPOUJOVPVT CMBDL MJOF DPSSFTQPOET
UP UIF NBSHJOBM TUBCJMJUZ DVSWF DPNQVUFE XJUI UIF VTFE QTFV
EPTQFDUSBM DPEF 	UIF 3×3 WFSTJPO
 XIJMF UIF DPOUJOVPVT CMVF MJOF
DPSSFTQPOET UP UIF NBSHJOBM TUBCJMJUZ DBMDVMBUFE CZ 1$+ ͳFJS
TQFDUSBM DPEF CBTFE PO B 3×3 TZTUFN BOE PO N ≥ 14 BMMPDBUJPO
QPJOUT TFFNT UP GBJM BU IJHIFS 3FZOPMET OVNCFS BOE BU k ≥ 1 CVU JU
JT BCMF UP DBUDI UIF EJTUVSCBODF UIBU MFBET UP UIF BTZNQUPUJD JOTUB
CJMJUZ ͳF WBMVFT PG UIF NBYJNVN HSPXUI SBUF GPVOE CZ 1$+ BSF
DPNQBSFE XJUI UIF POFT DBMDVMBUFE CZ UIF 3×3 JO UBCMF  UIFSF
JT B HPPE BHSFFNFOU GPS FYQ 6 BOE 9 CVU OPU GPS UIF FYQ 10
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
&YQFSJNFOU 
ͳF îH  IJHIMJHIUT UIBU UIJT ïPX JT BëFDUFE GPS n = 0 CZ B
3FZOPMET JOEFQFOEFOU MPOHXBWF 	k ≤ 1
 JOTUBCJMJUZ ͳF IJHIFTU
WBMVFT PG UIF NBYJNVN HSPXUI SBUF BSF DPODFOUSBUFE JO UIF MPX
Re1 SFHJPO BOE BSF SFMBUFE UP UIF TPDBMMFE JOUFSGBDJBM NPEF "T
BMSFBEZ EJTDVTTFE JO TFDUJPO  UIJT MPOHXBWF JOTUBCJMJUZ JT JO
EVDFE CZ TVSGBDF UFOTJPO BOE SFQSFTFOUT B HFOFSBMJ[FE DBQJMMBSZ
JOTUBCJMJUZ 1$+ DPOKFDUVSFE UIBU JU JT UIJT JOTUBCJMJUZ UP MFBE UP UIF
GPSNBUJPO PG PJM TMVHT BOE CVCCMFT JO XBUFS
'JHVSF  .BYJNVN
HSPXUI SBUF PG UIF NPTU
VOTUBCMF BYJTZNNFUSJD
EJTUVSCBODFT BT B GVODUJPO
PG BYJBM XBWFOVNCFS k
BOE 3FZOPMET OVNCFS PG
UIF DPSF Re1 GPS a = 1.5
ͳF DPOUJOVPVT CMBDL MJOF
DPSSFTQPOE UP UIF NBSHJOBM
TUBCJMJUZ DVSWF PCUBJOFE
VTJOH PVS QTFVEPTQFDUSBM
DPEF XIJMF UIF DPOUJOVPVT
CMVF MJOF DPSSFTQPOE UP UIF
NBSHJOBM TUBCJMJUZ DVSWF
SFQPSUFE CZ <> ͳF EBTIFE
CMBDL MJOF NBSLT UIF Re1 PG
FYQ 6 Re1 = 406.9
ͳF SFTVMUT PG OPONPEBM BOBMZTJT GPS UIF FYQ 6 BSF SFQPSUFE JO
îH  ͳF DPMPSNBQT JO îH 	B
 SFQSFTFOU UIF MPHBSJUIN
JO CBTF UFO PG UIF NBYJNVN WBMVF SFBDIFE CZ UIF HSPXUI GVOD
UJPO GÿóĊ PWFS EJëFSFOU WBMVFT PG k BOE Re1 'PS BMM UIF DBTFT
TUVEJFE MPOH XBWFT BSF BëFDUFE CZ TJHOJîDBOU USBOTJFOU BNQMJî
DBUJPOT XIJDI JODSFBTF XJUI JODSFBTJOH Re1 GPS OPOBYJTZNNFUSJD
EJTUVSCBODFT ͳF NBYJNVN USBOTJFOU HSPXUI BU UIF FYQFSJNFOU
DPOEJUJPOT BSF SFQPSUFE JO îH 	C

0O UIF MFGU PG îH  UIFSF JT B DPNQBSJTPO CFUXFFO UIF FO
FSHZ BNQMJîDBUJPO PG UIF EJTUVSCBODFT UIBU SFBDI UIF NBYJNVN
GÿóĊ BU n = 1,2,3 BOE UIF NPTU VOTUBCMF BYJTZNNFUSJD NPEF
"T KVTU TFFO JO îH  POF DBO PCTFSWF UIBU OPONPEBM NFDIB
OJTNT BëFDU BMTP UIF FWPMVUJPO PG FYQPOFOUJBMMZ VOTUBCMF NPEFT
BU TIPSU UJNFT CFGPSF UIF FYQPOFOUJBM HSPXUI TFUT JO 0G DPVSTF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą















mercoledì 13 febbraio 13
'JHVSF  'JH	B
 -PH
BSJUIN JO CBTF UFO PG
NBYJNVN OPONPEBM BN
QMJîDBUJPO FOFSHZ GÿóĊ BT B
GVODUJPO PG BYJBM XBWFOVN
CFS k BOE UIF 3FZOPMET
OVNCFS Re1 GPS a = 1.5
ͳF CMBOL BSFBT SFQSFTFOU
UIF SFHJPO PG NPEBM JOTUB
CJMJUZ 'JH	C
 -PHBSJUIN
JO CBTF UFO PG NBYJNVN
OPONPEBM BNQMJîDBUJPO
FOFSHZ GÿóĊ BT B GVODUJPO
PG BYJBM XBWFOVNCFS k GPS
UIF DPOTJEFSFE 3FZOPMET
OVNCFS Re1 = 406.9
NBSLFE CZ B EBTIFE CMBDL
MJOF JO UIF îH	B

UIF FëFDUT PO OPOOPSNBMJUZ NBSL NPSF TUSPOHMZ UIF EJTUVSCBODFT
BTZNQUPUJDBMMZ TUBCMF UIBU BDDVNVMBUF HSFBUFS BNPVOUT PG FOFSHZ
JO B USBOTJFOU QFSJPE *U JT FWJEFOU UIBU GPS n > 1 UIF NBYJNVN PG
UIF HSPXUI GVODUJPO EFDSFBTFT CVU UIFTF EJTUVSCBODFT HSPX NPSF
SBQJEMZ JO UIF JOJUJBM TUBHF PG UIF BNQMJîDBUJPO 	<> <>

$POTJEFSJOH UIF PQUJNBM QFSUVSCBUJPO SFMBUJWF UP UIF EJTUVS
CBODF UIBU SFBDIFT UIF IJHIFTU MFWFM PG FOFSHZ JO UIF TIPSUFTU UJNF
k = 0.86242 BOE n = 2 UIF FWPMVUJPO PG UIF LJOFUJD FOFSHZ PG
UIF BOOVMVT BOE PG UIF LJOFUJD FOFSHZ PG UIF DPSF BSF SFQPSUFE
TFQBSBUFMZ PO UIF SJHIU PG îH  BMM UIF FOFSHZ BNQMJîDBUJPO JT
DMFBSMZ SFMBUFE UP UIF BOOVMVT ͳF FOFSHZ BTTPDJBUFE UP TVSGBDF
UFOTJPO IBT OPU CFFO SFQPSUFE TJODF JU JT OFHMJHJCMF
"T B GVSUIFS QSPPG UIBU UIF OPONPEBM FOFSHZ BNQMJîDBUJPOT BSF
EVF UP UIF XBUFS JO UIF BOOVMVT JO îH  PO UIF MFGU JT SFQSF
TFOUFE UIF "QTFVEPTQFDUSVN BU UIF DPOEJUJPOT PG FYQ 6 GPS UIF
k = 0.86242 n = 2 EJTUVSCBODF ͳF USBOTJFOU FëFDUT EVF UP OPO
OPSNBMJUZ DBO CF CFUUFS JOGFSSFE GSPN UIF QTFVEPTQFDUSVN PG UIF
PQFSBUPS 	TFF <>
 UIF îHVSF DMFBSMZ TIPXT UIBU UIF MFGU CSBODI
PG UIF TQFDUSVN UIF POF SFGFSSFE UP UIF BOOVMVT JT BëFDUFE CZ
UIF NPSF TUSJLJOH OPOOPSNBMJUZ *O QBSUJDVMBS UIJT CSBODI TIPX
UIF UZQJDBM UISFFCSBODI TUSVDUVSF PG UIF )1 ïPX TQFDUSVN <>
BOE BT GPS )1 ïPX UIF FJHFOWBMVFT BU UIF JOUFSTFDUJPO QPJOU PG UIF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 















n = 0 k = 0.22658
n = 1 k = 0
n = 2 k = 0.86242
n = 3 k = 0.16552






















 n = 2  k = 0.86242
venerdì 15 febbraio 13
'JHVSF  0O UIF MFGU
FOFSHZ BNQMJîDBUJPO PG UIF
QFSUVSCBUJPOT UIBU SFBDI
UIF IJHIFTU WBMVF PG GÿóĊ
GPS n > 0 BOE PG UIF NPTU
VOTUBCMF NPEF GPS n = 0
BU UIF DPOEJUJPO PG FYQ 6
Re1 = 406.9 a = 1.5 0O
UIF SJHIU DPNQPOFOUT PG
UIF FOFSHZ BNQMJîDBUJPO
PG UIF EJTUVSCBODF n = 2
k = 0.86242 	SFE MJOF JO
îH PO UIF MFGU
 "MM UIF
BNQMJîDBUJPO JT SFMBUFE UP
UIF LJOFUJD FOFSHZ Eý PG
UIF BOOVMVT
UISFF FJHFOWBMVF CSBODI BSF UIF NPSF TFOTJCMF UP OPOOPSNBMJUZ
0O UIF SJHIU PG îH  UIFSF JT BO FYBNQMF PG FJHFOWFDUPST PG UIF
UISFF WFMPDJUZ DPNQPOFOUT SFMBUFE UP UIF NPEF NBSLFE JO CMVF






















eigenvalue 18 =  0.4536 −0.2363j







eigenvalue 18 =  0.4536 −0.2363j
















'JHVSF  0O UIF MFGU
CPVOEBSJFT GPS UIF "
QTFVEPTQFDUSVN PG UIF
MJOFBSJ[FE PQFSBUPS GPS
Re1 = 406.9,k = 0.86242
BOE n = 2 'SPN PVUTJEF JO
UIF DVSWFT DPSSFTQPOE UP
" = 10−2,10−3,10−4 *U JT
FWJEFOU IPX UIF OPOOPS
NBMJUZ JT DPODFOUSBUFE JO
UIF CSBODI PG UIF TQFDUSVN
SFQSFTFOUJOH UIF BOOVMVT
0O UIF SJHIU GSPN UPQ UP
CPUUPN UIF FJHFOGVODUJPOT
DPSSFTQPOE UP UIF UISFF WF
MPDJUZ DPNQPOFOUT iu˜, v˜ , w˜ 
SFGFSSFE UP UIF FJHFOWBMVF
NBSLFE JO CMVF&YQFSJNFOU 
ͳF DPMPSNBQT JO îH 	B
 SFQPSU UIF WBMVFT PG G BT B GVODUJPO
PG UIF OPO EJNFOTJPOBM UJNF t BOE k GPS UIF DPOEJUJPOT PG UIF FY
QFSJNFOU 9 "U TIPSU UJNFT UIF IJHIFTU MFWFMT PG FOFSHZ BNQMJîDB
UJPO BSF SFBDIFE CZ NPEBM TUBCMF TQJSBM EJTUVSCBODFT DIBSBDUFSJ[FE
CZ MPOH BOE NJESBOHF XBWF k ≤ 1 XIJMF OP SFMFWBOU HSPXUI BSF
QSFTFOU GPS n = 0 FWFO BU MPOH UJNFT $PNQBSJOH UIJT FYQFSJNFOUBM
TJUVBUJPO XJUI FYQ 6 UIF 3FZOPMET OVNCFS BOE BOOVMVT SBEJVT BSF
JODSFBTFE Re1 = 795.97 a = 1.81 UIFTF UXP QBSBNFUFST BSF UIFSF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
(b)(a)












n = 0 k = 0.024685
n = 1 k = 0
n = 2 k = 0.27987
n = 3 k = 0.035643
mercoledì 13 febbraio 13
'JHVSF  'JH	B
 -PH
BSJUIN JO CBTF UFO PG
FOFSHZ BNQMJîDBUJPO G
BT B GVODUJPO PG OPO
EJNFOTJPOBM UJNF t BOE
PG BYJBM XBWFOVNCFS k BU




BNQMJîDBUJPO PG UIF QFS
UVSCBUJPOT UIBU SFBDI UIF
IJHIFTU WBMVF PG GÿóĊ
GPS n > 0 BOE PG UIF NPTU
VOTUBCMF NPEF GPS n = 0
BU UIF DPOEJUJPO PG FYQ9
Re1 = 795.97 a = 1.81
GPSF CPUI SFTQPOTJCMF GPS UIF IJHIFS WBMVFT PG OPONPEBM FOFSHZ
BNQMJîDBUJPO
ͳF USBOTJFOU HSPXUI PG UIF QFSUVSCBUJPOT UIBU SFBDI UIF NBY
JNVN GÿóĊ BSF SFQPSUFE JO îH 	C
 JO XIJDI UIFZ BSF BMTP
DPNQBSFE XJUI UIF NPTU VOTUBCMF NPEF k = 0.024685 n = 0
XIPTF MFWFM PG FOFSHZ JT PG UXP PSEFS TNBMMFS UIBO UIF POFT PG
TQJSBM NPEFT
*O îH UIFSF JT UIF "QTFVEPTQFDUSVN PG UIF EJTUVSCBODF
UIBU SFBDIFT UIF IJHIFTU BNQMJîDBUJPO PG OPONPEBM FOFSHZ BU
TIPSUFTU UJNF n = 2 k = 0.27987 UIF SFE MJOF JO îH "T JO UIF
FYQ6 UIF FTTFODF PG OPOOPSNBMJUZ JT MPDBMJ[FE JO UIF MFGU CSBODI
PG UIF TQFDUSVN ͳF FJHFOWFDUPST PG UIF WFMPDJUZ DPNQPOFOUT GPS
UISFF EJëFSFOU NPEFT BSF SFQPSUFE JO UIF TVCTFRVFOU UISFF JNBHFT
JO îH  DMPDLXJTF XF IBWF UIF FJHFOWFDUPST PG UIF JOUFSGBDJBM
NPEF XIJDI MFBET UP UIF BTZNQPUJDBM JOTUBCJMJUZ UIF FJHFOWFDUPST
PG B DPSF NPEF BOE UIF FJHFOWFDUPST PG BO BOOVMBS NPEF

















 n=2  k=0.27987
sabato 16 febbraio 13
'JHVSF  $PNQPOFOUT
PG UIF FOFSHZ BNQMJîDBUJPO
PG UIF EJTUVSCBODF n = 2
k = 0.27987 	UIF SFE MJOF PO
UIF SJHIU PG îH 

"MTP GPS UIF FYQ9 CPUI UIF TFQBSBUJPO PG LJOFUJD FOFSHZ JOUP
UIF BOOVMVT BOE UIF DPSF DPNQPOFOUT JO îH  BOE UIF "
QTFVEPTQFDUSVN JO îH  TIPX UIBU UIF OPONPEBM JOTUBCJMJUZ JT
HPWFSOFE CZ UIF BOOVMVT
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 

























eigenvalue 27 =  0.1524 −0.1106j






eigenvalue 27 =  0.1524 −0.1106j






eigenvalue 27 =  0.1524 −0.1106j






eigenvalue 23 =  0.2715 −0.0842j







eigenvalue 23 =  0.2715 −0.0842j








eigenvalue 23 =  0.2715 −0.0842j







eigenvalue 1 =  0.3132 −0.0064j







eigenvalue 1 =  0.3132 −0.0064j







eigenvalue 1 =  0.3132 −0.0064j
● Interfacial mode












'JHVSF  #PVOEBSJFT GPS
UIF "QTFVEPTQFDUSVN PG
UIF MJOFBSJ[FE PQFSBUPS GPS
Re1 = 795.97,k = 0.27987
BOE n = 2 'SPN PVUTJEF JO
UIF DVSWFT DPSSFTQPOE UP
" = 10−2,10−3,10−4 *U JT
FWJEFOU IPX UIF OPOOPS
NBMJUZ JT DPODFOUSBUFE JO
UIF CSBODI PG UIF TQFDUSVN
SFQSFTFOUJOH UIF BOOVMVT
$MPDLXJTF FJHFOGVODUJPOT
PG UIF UISFF WFMPDJUZ DPN
QPOFOUT i u˜, v˜ , w˜  SFGFSSFE
UP UIF FJHFOWBMVF *NBSLFE
JO HSFFO JOUFSGBDJBM NPEF
FJHFOGVODUJPOT PG UIF UISFF
WFMPDJUZ DPNQPOFOUT SF
GFSSFE UP UIF FJHFOWBMVF $
NBSLFE JO SFE DPSF NPEF
FJHFOGVODUJPOT PG UIF UISFF
WFMPDJUZ DPNQPOFOUT SF
GFSSFE UP UIF FJHFOWBMVF "
NBSLFE JO CMVF BOOVMBS
NPEF
&YQFSJNFOU 
ͳF TBNF TJUVBUJPO JT PCTFSWFE GPS UIF DPOEJUJPOT PG FYQ 10
5SBOTJFOU HSPXUI PG EJëFSFOU EJTUVSCBODFT BSF DPNQBSFE PO
UIF MFGU TJEF PG îH  ͳF NBYJNVN WBMVF PG G JT SFBDIFE
CZ n = 1 k = 0 EJTUVSCBODF UIF DPNQPOFOUT PG JUT LJOFUJD FO
FSHZ BSF SFQPSUFE PO UIF SJHIU TJEF PG îH  BOE JO îH 
UIF "QTFVEPTQFDUSVN MJOLFE UP JU *O UIJT DBTF UIF TQFDUSVN JT
NBSLFEMZ EJëFSFOU GSPN UIF QSFWJPVT TIPXJOH KVTU POF CSBODI
BOE UIF "QTFVEPTQFDUSVN FYUFOET JOUP UIF VOTUBCMF IBMGQMBOF
FWFO GPS NPEFSBUF DPOUPVS MFWFMT
'PS BMM UIF FYQFSJNFOUBM DPOEJUJPOT BOBMZ[FE UIF MBSHFTU BNQMJ
îDBUJPO PG OPONPEBM FOFSHZ JT GPS n = 1 BOE k = 0 ͳF PQUJNBM
QFSUVSCBUJPOT PCUBJOFE GPS UIJT EJTUVSCBODF BSF TIPXO JO îH 
ͳF QFSUVSCBUJPOT SFBDI UIFJS NBYJNVN JOUFOTJUZ JO UIF BOOVMVT
SFHJPO BOE JODSFBTJOH UIJT BSFB UIFZ UFOET UP UIF DMBTTJDBM TUSVD
UVSF GPVOE JO )1 ïPX B QBJS PG TUSPOH DPVOUFSSPUBUJOH WPSUJDFT
ͳF MPOHXBWF NFDIBOJTN PG FOFSHZ HSPXUI JO UXPïVJE TZTUFN
JT IFODF UIF MJGUVQ NFDIBOJTN QSFTFOU JO UIF TJOHMFïVJE ïPX BT
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą

















n = 0 k = 0.095753
n = 1 k = 0
n = 2 k = 0.012459
n = 3 k = 0.0088144





















 n = 1  k = 0
sabato 16 febbraio 13
'JHVSF  0O UIF MFGU
FOFSHZ BNQMJîDBUJPO PG UIF
QFSUVSCBUJPOT UIBU SFBDI
UIF IJHIFTU WBMVF PG GÿóĊ
GPS n > 0 BOE PG UIF NPTU
VOTUBCMF NPEF GPS n = 0
BU UIF DPOEJUJPO PG FYQ10
Re1 = 433.7 a = 2.65 0O
UIF SJHIU DPNQPOFOUT PG
UIF FOFSHZ BNQMJîDBUJPO
PG UIF EJTUVSCBODF n = 1
k = 0 	UIF CMVF MJOF PO UIF
MFGU
 "MM UIF BNQMJîDBUJPO
JT SFMBUFE UP UIF LJOFUJD
FOFSHZ Eý PG UIF BOOVMVT

















x 10−3 eigenvalue 7 =  0.0000 −0.0040j




eigenvalue 7 =  0.0000 −0.0040j




eigenvalue 7 =  0.0000 −0.0040j
● Annular mode








'JHVSF  0O UIF MFGU
CPVOEBSJFT GPS UIF "
QTFVEPTQFDUSVN PG UIF
MJOFBSJ[FE PQFSBUPS GPS
Re1 = 433.7,k = 0 BOE
n = 1 'SPN PVUTJEF JO
UIF DVSWFT DPSSFTQPOE UP
"= 10−2,10−3,10−4 BOE UIF
EBTIFE MJOF SFQSFTFOUT UIF
CPVOEBSZ PG UIF OVNFSJDBM
SBOHF 0O UIF SJHIU
FJHFOGVODUJPOT PG UIF UISFF
WFMPDJUZ DPNQPOFOUT
i u˜, v˜ , w˜  SFGFSSFE UP UIF
FJHFOWBMVF NBSLFE JO CMVF
ąĆóôûþûĆċ āø Ćĉāøþćûö øþāĉą ûĀ ĂûĂ÷ą 
SFQPSUFE JOUP DPNNFOUJOH îH  JO XIJDI JU IBT CFFO TIPXFE
UIBU UIF BNQMJîDBUJPO PG UIJT LJOE PG EJTUVSCBODFT JT PWFSBMM EVF UP
UIF HSPXUI PG UIF TUSFBNXJTF WFMPDJUZ DPNQPOFOU







































QFSUVSCBUJPOT GPS n = 1
BOE k = 0 GPS UIF UISFF
FYQFSJNFOUBM DPOEJUJPOT
DPOTJEFSFE $PODMVEJOH SFNBSƽ
*O UIJT DIBQUFS UIF QSPCMFN PG UIF MJOFBS TUBCJMJUZ PG UIF IPSJ[POUBM
QJQF ïPX PG BO FRVBM EFOTJUZ PJMXBUFS NJYUVSF BSSBOHFE BT B
$PSF"OOVMBS 'MPX IBT CFFO SFDPOTJEFSFE GSPN UIF QPJOU PG WJFX
PG OPONPEBM BOBMZTJT JO PSEFS UP BTTFT UIF FëFDUT PG OPOOPSNBMJUZ
PG UIF MJOFBSJ[FE /BWJFS4UPLFT PQFSBUPS PO USBOTJFOU FWPMVUJPO
PG TNBMM QFSUVSCBUJPOT ͳF BJN PG UIJT JOWFTUJHBUJPO IBT CFFO UP
BOBMZ[F UIF DBTFT JO XIJDI QPPS BHSFFNFOU PDDVST CFUXFFO UIF
QSFEJDUJPOT PG MJOFBS NPEBM UIFPSZ BOE UIF DMBTTJDBM FYQFSJNFOUT PG
$()
ͳF QSFTFODF PG SFNBSLBCMF MFWFMT PG USBOTJFOU HSPXUI IBT
CFFO GPVOE GPS CPUI BTZNQUPUJDBMMZ TUBCMF BOE VOTUBCMF DPOîH
VSBUJPOT *O QBSUJDVMBS UIF QBSBNFUFS TUVEJFT IBWF SFWFBMFE UIBU
UIF NBYJNVN BNQMJîDBUJPO PG JOJUJBM FOFSHZ JT FYQFSJFODFE CZ
EJTUVSCBODFT XJUI OP TUSFBNXJTF EFQFOEFODF 	n = 1 BOE k = 0
UXPEJNFOTJPOBM QMBOBS EJTUVSCBODFT
 JO BOBMPHZ XJUI )1 ïPX
"T EFNPOTUSBUFE CZ BOBMZ[JOH CPUI UIF "QTFVEPTQFDUSVN
BOE UIF EJWJTJPO PG LJOFUJD FOFSHZ JOUP UIF DPSF BOE UIF BOOVMVT
DPNQPOFOUT UIF FOFSHZ HSPXUI JT DPSSFMBUFE UP UIF XBUFS JO UIF
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
BOOVMVT BOE JU SFBDIFT IJHIFS WBMVFT JODSFBTJOH UIF SBEJVT BOEPS
UIF 3FZOPMET OVNCFS PG UIJT SFHJPO
ͳF WJTDPTJUZ SBUJPT VTFE GPS UIF QSFTFOU BOBMZTJT BSF OPU WFSZ
SFMFWBOU GPS MVCSJDBUFE QJQFMJOJOH BQQMJDBUJPOT 	m JO QSBDUJDF JT MFTT
UIBO 0.002 BT TIPXFE JO UIF NPSF SFDFOU FYQFSJNFOUT PG 4PUHJB
FU BM <>
 BOZXBZ GSPN îH  JU JT QPTTJCMF UP TFF IPX UIF
QSFTFOU BOBMZTJT JT DPOTFSWBUJWF TJODF GÿóĊ JODSFBTFT EFDSFBTJOH
UIF WBMVF PGm 

















'JHVSF  $VSWFT PG
GÿóĊ BT B GVODUJPO PG
UIF WJTDPTJUZ SBUJPm
GPS EJëFSFOU Re1 BOE
GPS a = 1.81 ͳF DVSWF
JO SFE DPSSFTQPOET UP
Re1 = 795.97 BOE UIF QPJOU
TUBSSFE JO CMVF SFQSFTFOUT
UIF DPOEJUJPOT PG FYQ9
%FDSFBTJOH UIF WBMVF PG
m BOE TP JODSFBTJOH UIF
WBMVF PG UIF 3FZOPMET
OVNCFS PG UIF BOOVMVT
Re2 GÿóĊ TDBMFT QFSGFDUMZ
XJUIm−2 ∼Re22 
.PSFPWFS JO UIJT îH UIF DMBTTJD RVBESBUJD TDBMJOH PG GÿóĊ
XJUI 1/m ∼ Re2 UZQJDBM PG TIFBS ïPXT DMPTF UP UIF USBOTJUJPO
JT DMFBSMZ WJTJCMF ͳFSFGPSF UIFTF MJOFBS USBOTJFOU NFDIBOJTNT
NBZ IBWF TJHOJîDBOU JNQMJDBUJPOT UP FYQMBJO UIF USBOTJUJPO UP
UVSCVMFODF PG $"' BOE TUBUFE UIFJS OBUVSF UIFZ BMMPX UP SFJOGPSDF
UIF DPOKFDUVSF PG 1$+ UIBU JO $"' UIF USBOTJUJPO UP UVSCVMFODF JT
EVF UP UIF XBUFS JO UIF BOOVMVT

$PODMVTJPOT
" DPODMVEJOH TVNNBSZ JT QSPQPTFE BT BO PWFSWJFX PG UIF NBJO
SFTVMUT SFQPSUFE JO UIJT UIFTJT
"DDVSBUFMZ QSFEJDUJOH BOE VOEFSTUBOEJOH UIF CFIBWJPS PG UXP
ïVJE ïPXT JT B QSPCMFN PG HSFBU JOEVTUSJBM BOE TDJFOUJîD JOUFSFTU
*O UIJT UIFTJT BO BOBMZTJT PG JOTUBCJMJUJFT BëFDUJOH UIFTF ïPXT IBT
CFFO DBSSJFE PVU XJUI QBSUJDVMBS BUUFOUJPO UP BUPNJ[BUJPO QSPDFTT
BOE MVCSJDBUJOH QJQFMJOJOH
*Ā õúóĂĆ÷Ą 2 HBTMJRVJE ïPXT IBWF CFFO JOWFTUJHBUFE CZ NFBOT
PG CPUI 70' TJNVMBUJPOT BOE MJOFBS TUBCJMJUZ UIFPSZ JO DPOEJUJPOT
WFSZ DMPTF UP UIPTF PG BUPNJ[BUJPO FYQFSJNFOUT "DUVBMMZ POMZ B
QBSU PG UIF BUPNJ[BUJPO QSPDFTT IBT CFFO DPOTJEFSFE UIF GPSNB
UJPO PG B MJRVJE îMN BOE JUT QSJNBSZ CSFBLVQ
(FOFSBMMZ B MJRVJE îMN PG GVFM JT FYQPTFE UP BO IJHIWFMPDJUZ HBT
ïPX UIBU JOEVDFT QFSUVSCBUJPOT BU UIF JOUFSGBDF ͳFTF QFSUVSCB
UJPOT RVJDLMZ HSPX CFDPNJOH OPOMJOFBS BOE QSPEVDJOH MJHBNFOUT
UIBU FWFOUVBMMZ CSFBL JOUP ESPQT ͳF JOTUBCJMJUZ HPWFSOJOH UIJT
NFDIBOJTN JT B ,FMWJO)FMNIPMU[ 	,)
 JOTUBCJMJUZ NPEîFE CZ
WJTDPVT BOE OPOMJOFBS FëFDUT BT QSPWFE CZ 70' TJNVMBUJPOT ͳFZ
IBWF TIPXO UIF FNFSHFODF BOE UIF FWPMVUJPO PG B TJOHMF OPOMJO
FBS ,) XBWF JO UXP EJëFSFOU ïPX DPOîHVSBUJPOT ͳJT TUSVDUVSF
JT GVOEBNFOUBM UP VOEFSTUBOE IPX ESPQT BSF QSPEVDFE CFDBVTF
BMMPXT UP BOBMZ[F UIF CFIBWJPS PG B TJOHMF MJHBNFOU ͳF ,) TJO
HMF XBWF IBT CFFO EFFQMZ DIBSBDUFSJ[FE JO UFSNT PG QSPQBHBUJPO
 ûĀĆ÷Ąøóõûóþ ûĀąĆóôûþûĆû÷ą āø Ćĉāøþćûö øþāĉą
WFMPDJUZ BOE BNQMJîDBUJPO MBX UISPVHI TJNQMF BOBMZUJDBM NPEFMT
"O VTFGVM UPPM UP îHVSF PVU UIF QIZTJDBM QSPQFSUJFT PG UIF MFBE
JOH QSJNBSZ JOTUBCJMJUZ NFDIBOJTNT JT UIF MJOFBS TUBCJMJUZ BOBMZ
TJT *UT SFTVMUT VTVBMMZ EJTQMBZ B HPPE BHSFFNFOU XJUI OVNFSJDBM
TJNVMBUJPOT BU FBSMZ UJNFT CFGPSF UIBU OPOMJOFBS FëFDUT UBLF UIF
DPOUSPM *OEFFE MJOFBS UIFPSZ IBT BMMPXFE UP WFSJGZ UIBU UIF JOTUB
CJMJUZ FNFSHJOH JO TJNVMBUJPOT JT NBJOMZ EVF UP UIF WJTDPTJUZ KVNQ
BU UIF JOUFSGBDF ͳJT KVNQ QSPEVDFT UIF WPSUJDJUZ BU UIF CBTF PG UIF
TPDBMMFE JOUFSGBDJBM NPEF *U IBT CFFO TFFO UIBU JO QBSUJDVMBS ïPX
DPOEJUJPOT BO JOUFSGBDJBM NPEF NBZ CF DPNCJOFE XJUI B 5PMMNJFO
4DIMJDIUJOH NPEF QSFTFOU BMTP JO TJOHMFïVJE ïPXT HJWJOH SJTF UP B
OFX NPEF QFDVMJBS PG UXPïVJE ïPXT
*Ā õúóĂĆ÷Ą ɵ BO PJMXBUFS ïPX JO B IPSJ[POUBM DJSDVMBS QJQF
BSSBOHFE BT $PSF"OOVMBS 'MPX 	$"'
 IBT CFFO BOBMZ[FE VTJOH
MJOFBS OPONPEBM UIFPSZ
ͳJT ïPX JT PG JNQPSUBODF JO QFUSPMFVN JOEVTUSZ TJODF TJHOJG
JDBOU TBWJOHT JO QVNQJOH QPXFS DBO CF EFSJWFE GSPN UIF XBUFS
MVCSJDBUFE USBOTQPSUBUJPO PG DSVEF PJM ͳFSFGPSF JO PSEFS UP JEFO
UJGZ UIF SBOHF PG QBSBNFUFST TVJUBCMF GPS BQQMJDBUJPO UIF QIZTJDBM
VOEFSTUBOEJOH PG UIF QIFOPNFOB UIBU DPVME CSJOH UP BO JOTUBCJMJUZ
PG $"' JT PG HSFBU JOUFSFTU
" MJOFBS OPONPEBM BOBMZTJT IBT MFU HP CFZPOE UIF SFTVMUT BM
SFBEZ QSFTFOU JO MJUFSBUVSF BOE îHVSF PVU UIF NFDIBOJTNT UIBU
MFBE UP QBSUJDVMBS ïPX DPOîHVSBUJPOT -JOFBS NPEBM BOBMZTJT JT
POMZ BCMF UP KVTUJGZ UIF GPSNBUJPO PG SFHVMBS TUSVDUVSFT TVDI BT PJM
CVCCMFT BOE TMVHT EVF UP BYJTZNNFUSJD EJTUVSCBODFT CVU JU DBOOPU
FYQMBJO TPNF JSSFHVMBS ïPX QBUUFSOT DIBSBDUFSJ[FE CZ FNVMTJîDB
UJPO PS XBUFS ESPQT JO PJM
" EFUBJMFE JOWFTUJHBUJPO DPOEVDUFE JO XJEF SFHJPOT PG QBSBNF
UFST TQBDF IBT IJHIMJHIUFE UIF PDDVSSFODF PG SFNBSLBCMF USBOTJFOU
HSPXUI GPS CPUI BTZNQUPUJDBMMZ TUBCMF BOE VOTUBCMF DPOîHVSB
UJPOT " TUVEZ PG DIBSBDUFSJTUJD UJNFT PG NPEBM BOE OPONPEBM
NFDIBOJTNT IBT EFNPOTUSBUFE UIBU BU JOUFSNFEJBUF UJNFT UIF
IJHIFTU MFWFMT PG FOFSHZ BNQMJîDBUJPO BSF SFBDIFE CZ TUBCMF TQJ
SBM EJTUVSCBODFT XFMM CFGPSF UIBU UIF TMPX FYQPOFOUJBMMZ VOTUBCMF
BYJTZNNFUSJD EJTUVSCBODFT SFBDI B TVðDJFOUMZ IJHI BNQMJUVEF
*U IBT CFFO WFSJîFE UIBU UIF SBOHF PG QIZTJDBM QBSBNFUFST JO
õāĀõþćąûāĀą 
XIJDI TVDI UFNQPSBM TFQBSBUJPO CFUXFFO FYQPOFOUJBMMZ TUBCMF BOE
VOTUBCMF EJTUVSCBODFT PDDVST DPSSFTQPOE UP UIF FYQFSJNFOUBM
îOEJOHT VOFYQMBJOFE CZ NPEBM BOBMZTJT
0QUJNBM QFSUVSCBUJPOT IBWF CFFO EFUFSNJOFE ͳFJS TUSVDUVSF
FYIJCJUT NBOZ BOBMPHJFT XJUI UIF POFT UZQJDBM PG )BHFO1PJTFVJMMF
ïPX *O QBSUJDVMBS UIFZ BSF DIBSBDUFSJ[FE CZ B TUSFBNXJTF JOEF
QFOEFODF BOE BMNPTU BMM UIF FOFSHZ BNQMJîDBUJPO JT SFMBUFE UP UIF
TUSFBNXJTF DPNQPOFOU PG UIF QFSUVSCBUJPO WFMPDJUZ
"U MBTU SFHBSEJOH UIF "QTFVEPTQFDUSB UIF TUSVDUVSF PG PQUJNBM
QFSUVSCBUJPOT BOE UIF EJëFSFOU BNPVOUT PG LJOFUJD FOFSHZ SFGFSSFE
UP UIF DPSF BOE UP UIF BOOVMVT PG UIF TQJSBM EJTUVSCBODFT XJUI UIF
IJHIFTU USBOTJFOU HSPXUI JU JT DMFBS UIBU UIF USBOTJFOU NFDIBOJTNT
PG FOFSHZ BNQMJîDBUJPO BSF DPSSFMBUFE UP UIF BOOVMVT .PSFPWFS
UIF RVBESBUJD EFQFOEFODF PG UIF NBYJNVN PG USBOTJFOU HSPXUI
PO UIF 3FZOPMET OVNCFS PG UIF BOOVMVT NBZ SFQSFTFOU B GVSUIFS




<> 1 :FDLP %JTUVSCBODF HSPXUI JO UXPïVJE DIBOOFM ïPX UIF
SPMF PG DBQJMMBSJUZ *OU + .VMUJQIBTF 'MPX o 
<> . + 4PVUI BOE " 1 )PPQFS -JOFBS HSPXUI JO UXPïVJE
QMBOF 1PJTFVJMMF ïPX + 'MVJE .FDI o 
<> # -BGBVSJF $ /BSEPOF 3 4DBSEPWFMMJ 4 ;BMFTLJ BOE
( ;BOFUUJ .PEFMMJOH NFSHJOH BOE GSBHNFOUBUJPO JO NVM
UJQIBTF ïPX XJUI 463'&3 + $PNQVU 1IZT o

<> 4 1PQJOFU "O BDDVSBUF BEBQUJWF TPMWFS GPS TVSGBDFUFOTJPO
ESJWFO JOUFSGBDJBM ïPX + $PNQ 1IZT o 
<> - 1SF[JPTJ , $IFO BOE % % +PTFQI -VCSJDBUFE QJQFMJOJOH
TUBCJMJUZ PG $PSF"OOVMBS 'MPX + 'MVJE .FDI o

<> + &HHFST BOE & 7JMMFSNBVY 1IZTJDT PG MJRVJE KFUT 3FQ 1SPH
1IZT  
<> ( 5SZHHWBTPO 3 4DBSEPWFMMJ BOE 4 ;BMFTLJ %JSFDU /VNFS
JDBM 4JNVMBUJPO PG (BT-JRVJE .VMUJQIBTF 'MPX $BNCSJEHF
6OJWFSTJUZ 1SFTT
<> 1 + 4DINJE BOE % 4 )FOOJOHTPO 0QUJNBM FOFSHZ EFOTJUZ
HSPXUI JO )BHFO1PJTFVJMMF ïPX + 'MVJE .FDI o

<> " 0SB[[P BOE + )QëOFS ͳF FWPMVUJPO PG B MPDBMJ[FE
OPOMJOFBS XBWF PG UIF ,FMWJO)FMNIPMU[ JOTUBCJMJUZ XJUI
HSBWJUZ 1IZT 'MVJET  

<> " 0SB[[P ( $PQQPMB BOE - EF -VDB 4JOHMFXBWF ,FMWJO
)FMNIPMU[ JOTUBCJMJUZ JO OPOQBSBMMFM DIBOOFM ïPX "UPNJ[B
UJPO 4QSBZT o 
<> ( $PQQPMB " 0SB[[P BOE - EF -VDB /PO.PEBM
*OTUBCJMJUZ PG $PSF"OOVMBS 'MPX *OU + /POMJOFBS 4DJ
/VNFS 4JNVM o 
<> . & $IBSMFT ( 8 (PWJFS BOE ( 8 )PEHTPO ͳF
IPSJ[POUBM QJQFMJOF ïPX PG FRVBM EFOTJUZ PJMXBUFS NJYUVSFT
$BO + $IFN &OH o 
<> + ,PQMJL + 3 #BOBWBS BOE + ' 8JMMFNTFO .PMFDVMBS
EZOBNJDT PG 1PJTFVJMMF ïPX BOE NPWJOH DPOUBDU MJOF 1IZT
3FW -FUU o 
<> 1 4 -BQMBDF 0FVWSFT DPNQMÒUFT EF -BQMBDF UPNF *7 
<> 1 ( %SB[JO *OUSPEVDUJPO UP )ZESPEZOBNJDT 4UBCJMJUZ $BN
CSJEHF 6OJWFSTJUZ 1SFTT 
<> $IJBO4IVO :JI *OTUBCJMJUZ EVF UP WJTDPTJUZ TUSBUJîDBUJPO +
'MVJE .FDI o 
<> 4FSLBO ½[HFO $PBMFTDFODF PG 5PMMNJFO4DIMJDIUJOH BOE
JOUFSGBDJBM NPEFT PG JOTUBCJMJUZ JO UXPoïVJET ïPXT 1IZT
'MVJET  
<> : 3FOBSEZ *OTUBCJMJUZ BU UIF JOUFSGBDF CFUXFFO UXP TIFBSJOH
ïVJET JO B DIBOOFM 1IZT 'MVJET  
<> " 1 )PPQFS BOE 8 ( $ #PZE 4IFBSïPX JOTUBCJMJUZ BU UIF
JOUFSGBDF CFUXFFO UXP WJTDPVT ïVJET + 'MVJE .FDI 

<> 1 + 4DINJE BOE % 4 )FOOJOHTPO 4UBCJMJUZ BOE USBOTJUJPO JO
TIFBS ïPX 4QSJOHFS 
<> 4 .BMJL BOE " 1 )PPQFS ͳSFFEJNFOTJPOBM EJTUVSCBODFT
JO DIBOOFM ïPXT 1IZT 'MVJET  
<> - / 5SFGFUIFO 1TFVEPTQFDUSB PG NBUSJDFT -POHNBO 

<> + " 8FJEFNBO BOE 4 $ 3FEEZ " ."5-"# EJëFSFOUJBUJPO
NBUSJY TVJUF "$. 5SBOTBDUJPO PO .BUIFNBUJDBM 4PGUXBSF 
o 
<> + 1 #PZE $IFCZTIFW BOE 'PVSJFS 4QFDUSBM .FUIPET %07&3
1VCMJDBUJPOT
<> - / 5SFGFUIFO $PNQVUBUJPO PG QTFVEPTQFDUSB "DUB
/VNFSJDB o 
<> $ 8 )JSU BOE # % /JDIPMT 7PMVNF PG ïVJE 	70'
 NFUIPE
GPS UIF EZOBNJDT PG GSFF CPVOEBSJFT + $PNQVU 1IZT 
o 
<> + -J $BMDVM EJOUFSGBDF BðOF QBS NPSDFBVY 	QJFDFXJTF MJOFBS
JOUFSGBDF DBMDVMBUJPO
 $ 3 "DBE 4DJ 1BSJT o

<> # + 1BSLFS BOE % - :PVOHT 5XP BOE UISFF EJNFOTJPOBM
&VMFSJBO TJNVMBUJPO BOE ïVJE ïPX XJUI NBUFSJBM JOUFSGBDF
"UPNJD 8FBQPOT &TUBCMJTINFOU "MEFSNBTUPO 6, 
<> + & 1JMMJPE BOE & ( 1VDLFUU 4FDPOE PSEFS BDDVSBUF WPMVNF
PGïVJE BMHPSJUINT GPS USBDLJOH NBUFSJBM JOUFSGBDFT -BXSFODF
#FSLFMFZ /BUJPOBM -BCPSBUPSZ 
<> % (VFZðFS + -J " /BEJN 3 4DBSEPWFMMJ BOE 4 ;BMFTLJ
7PMVNFPGïVJE JOUFSGBDF USBDLJOH XJUI TNPPUIFE TVSGBDF
TUSFTT NFUIPET GPS UISFFEJNFOTJPOBM ïPXT + $PNQVU 1IZT
o 
<> + #SBDLCJMM % # ,PUIF BOE $ ;FNBDI " DPOUJOVVN
NFUIPE GPS NPEFMJOH TVSGBDF UFOTJPO + $PNQVU 1IZT 
o 
<> 3 1FZSFU BOE 5 % 5BZMPS $PNQVUBUJPOBM NFUIPE GPS ïVJE
ïPX 4QSJOHFS7FSMBH
<> 4 1PQJOFU (FSSJT B USFFCBTFE BEBQUJWF TPMWFS GPS UIF
JODPNQSFTTJCMF &VMFS FRVBUJPO JO DPNQMFY HFPNFUSJFT +
$PNQVU 1IZT o 

<> . . 'SBOÎPJT 4 + $VNNJT & % %FOEZ + . 4JDJMJBO BOE
. 8 8JMMJBNT " CBMBDFEGPSDF BMHPSJUIN GPS DPOUJOVPVT
BOE TIBSQ JOUFSGBDJBM TVSGBDF UFOTJPO NPEFMT XJUIJO B WPMVNF
USBDLJOH GSBNFXPSL + $PNQVU 1IZT o 
<> : 3FOBSEZ BOE . 3FOBSEZ 13045 " QBSBCPMJD SF
DPOTUSVDUJPO PG TVSGBDF UFOTJPO GPS UIF 7PMVNF0G'MVJE
.FUIPE + $PNQ 1IZT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